o 
O 



< 






C^ 



RAMIFICATION AND CLEANLINESS 



AHMED ABBES AND TAKESHI SAITO 



O 

Cn ' Abstract. This article is devoted to studying the ramification of Galois torsors and of £-adic 

sheaves in characteristic p > (with £ ^ p). Let fc be a perfect field of characteristic p > 0, 
X a smooth, separated and quasi-compact fc-scheme, D a simple normal crossing divisor on X, 
U = X — D, A a finite local Z^-algebra and ^ a locally constant constructible sheaf of A- modules 

CO ' on U. We introduce a boundedness condition on the ramification of ^ along D, and study its main 

^N , properties, in particular, some specialization properties that lead to the fundamental notion of 

cleanliness and to the definition of the characteristic cycle of ^. The cleanliness condition extends 

r^ , the one introduced by Kato for rank 1 sheaves. Roughly speaking, it means that the ramification 

of ^ along D is controlled by its ramification at the generic points of D. Under this condition, we 
propose a conjectural Riemann-Roch type formula for ^. Some cases of this formula have been 

1-p^ ' previously proved by Kato and by the second author (T.S.). 



1. Introduction 



1.1. The purpose of this article is to study the ramification of Galois torsors and of £-adic sheaves 
»>f-N I in characteristic p > (with i ^ p), developing the project started in [^ [31 21 [SJ |2I] ■ More precisely, 

^ ' this work is a sequel to |21| , though it can be read independently. The leitmotiv of our approach, 

CO , in particular in this work, is to eliminate the ramification by blow-ups. 

I> 

OO ■ 1-2. Let fc be a perfect field of characteristic p > 0, X a. smooth, separated and quasi-compact 

CO I fc-scheme, D a simple normal crossing divisor on X and U = X — D; we say for short that {X, D) 

f~>». ■ is an snc-pair over fc. We fix a prime number (. different from p and a finite local Z^-algebra A. Let 

^D I ^ be a locally constant constructible sheaf of A-modules on U . The main problems in ramification 

^p ■ theory are the following : 

(A) to describe the ramification of ,^ along D\ 

(B) to give a Riemann-Roch type formula for ^, that is, to compute the Euler-Poincare charac- 
teristic with compact support of ^ on [/ in terms of its invariants of ramification (provided 

5^ : by (A)). 

In 15, we gave cohomological answers to both problems that rely on the notion of characteristic class 
of ^. In this article, we develop a more geometric approach to problem (A) and give a conjectural 
formula for (B), based on the finer notion of characteristic cycle of ^ . For this purpose, we start 
by studying the ramification of Galois torsors over f7, that is, torsors over U for the etale topology, 
under finite constant groups. 

1.3. Our approach is based on a geometric construction introduced in [51|51I1T]. Let I?i, . . . ,-Dm 
be the irreducible components of D and let {X Xk X)' be the blow-up oi X Xk X along Di Xk Di 
for all 1 ^ i ^ m. We define the framed self-product X ^k X oi {X, D) over k as the open 
subscheme of {X x^X)' obtained by removing the strict transforms oi D x^X and X Xj.D (called 
the logarithmic self-product in [21]). We give in 15.201 an equivalent definition using logarithmic 
geometry, that extends to more general situations. The diagonal morphism Sx '■ X —>■ X Xk X lifts 

1 



AHMED ABBES AND TAKESHI SAITO 



uniquely to a morphism S: X ^ X :^kX, called the framed diagonal of {X, D) (and the logarithmic 
diagonal in [H]). We consider X ^k X as an X-scheme by the second projection. 

Let R be an effective rational divisor on X with support in D (i.e., a sum of non- negative rational 
multiples of the irreducible components of D). We define in 15.261 the dilatation (X ^k X)^^'' of 
X ^k X along d of thickening R. It is an affine scheme over X ^k X that fits into a canonical 
Cartesian diagram 



(1.3.1) 



U- 



Su 



U XkU 



X^^{X^kX)(^) 

where j^^' is a canonical open immersion, S''^' is the unique morphism lifting S, j is the canonical 
injection and Su is the diagonal morphism. If R has integral coefficients, then {X ^k X^^^ is a 
dilatation in the sense of Raynaud. More precisely, {X ^k X^^'' is the maximal open subscheme 
of the blow-up oi X ^k X along 6{R), where the exceptional divisor is equal to the pull-back of R 
by the second projection to X (cf. 14. ip . 



1.4. Let y be a Galois torsor over U of group G and let R be an effective rational divisor on 
X with support in D. We introduce a fundamental boundedness property of the ramification of 
V/U along D. We consider V XkV as a Galois torsor over U XkU oi group G x G, and denote 
by W the quotient of y x^ y by A(G'), where A: G — >■ G x G is the diagonal homomorphism. 
The diagonal morphism Sy ■ V ^ V x k V induces a morphism eu ■ U ^ W lifting the diagonal 
morphism Sjj: U ^^ U XkU. Note that W represents the sheaf of isomorphisms of G-torsors 
from U XkV to V XkU over U XkU, and that eu corresponds to the identity isomorphism of V 
(identified with the pull-backs oi U XkV and V XkU hy Sjj)- We denote by Z the integral closure 
of {X *fe X)(-") inW, hy tt: Z ^ {X *fc X)(^) the canonical morphism and hy e: X ^ Z the 
morphism induced hy eij: U ^ W. We have tt o e = S^-^\ 

(1.4.1) 




^UxkU- 



{X^kX)(^)^^^X 



Let X e X. We say that the ramification of V/U at x is bounded by R+ if the morphism n is 
etale at e{x), and that the ramification of V/U along D is bounded by R+ if tt is etale over an 
open neighborhood of £{X). We establish several properties of this notion. First, we prove that it 
satisfies descent for faithfully flat and log-smooth morphisms ()7.7p . The second property plays a 
key role in this article : if R has integral coefficients, we prove that the ramification of V/U along 
D is bounded by R+ if and only if there exists an open neighborhood Zq of e{X) in Z which is 
etale over {X *fc X^^^^ and such that tt{Zo) contains {X *fc XY^-^ Xx R ([7T3| . Third, we relate 
this notion to its analogue for finite separable extensions of local fields (with possibly imperfect 
residue fields) defined in [51 [3] : let ^ be a generic point of Z), ^ a geometric point of X above ^, 
S the strict localization of X at ^, i^ the fraction field of T{S, ^s) and r the multiplicity of R at 
£,. We put V Xjj Spec(iir) = Spec(L), where L = ]~["=i ^i i^ ^ finite product of finite separable 
extensions of K. We prove in 17.181 that the ramification of V/U at ^ is bounded by R+ if and 
only if, for every 1 ^ i ^ n, the logarithmic ramification of Li/K is bounded by r+ in the sense of 
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1.5. Let F be a Galois torsor over U of group G, Y the integral closure of X in V, and R 
an effective rational divisor on X with support in D. Assume that the following conditions are 
satisfied : 

(i) for every geometric point y of Y , the inertia group Ij a G of y has a normal p-Sylow 

subgroup ; 
(ii) for every generic point £, oi D, the ramification of V/U at ^ is bounded by R+. 

Then we prove that the ramification of V/U along D is bounded by R+ (|7.19p . This result is an 
analogue of the Zariski-Nagata purity theorem ([llj X 3.4). 

1.6. Let F be a Galois torsor over U of group G. We define the conductor of V/U relatively to X 
to be the minimum effective rational divisor R on X with support in D such that for every generic 
point ^ of D, the ramification of V/U at ^ is bounded by R+. This terminology may be slightly 
misleading as the ramification of V/U along D may not be bounded by R+ in general. However, we 
prove in 17.221 as a consequence of ll.Si that under a strong form of resolution of singularities, there 
exists an snc-pair {X',D') over k and a proper morphism /: X' — >■ X inducing an isomorphism 
X' — D' ^ U, such that if we denote by R' the conductor of V/U relatively to X', the ramification 
of V/U along D' is bounded by R'+. 

1.7. Let ^ be a locally constant constructible sheaf of A-modules on U, R an effective rational 
divisor on X with support in D, x e X and x a geometric point of X above x. Recall that A is 
a finite local Z^-algebra (|1.2p . We denote by prj^ , pr2 : U Xf^U ^ U the canonical projections and 
put 

(1.7.1) Jf{^) = ^om(pr|^,pr*J?). 
We prove in 18.21 that the base change morphism 

(1.7.2) a: <5(«)*ji^'(^(^)) ^ J*^&(^(^)) = J*(^nd(^)) 

relatively to the Cartesian diagram (|1.3.1[) is injective. Furthermore, the following conditions are 
equivalent : 

(i) The stalk a^ of the morphism a at a; is an isomorphism. 

(ii) There exists a Galois torsor V over U trivializing ^ such the ramification of V/U at x is 
bounded by i?+. 

We give also other useful equivalent conditions. We say that the ramification of ^ atx is bounded 
by R+ if ^ satisfies these equivalent conditions. We say that the ramification of ^ along D is 
bounded by R+ if the ramification of ^ at x is bounded by R+ for every geometric point x of X. 
We establish several properties of this notion similar to those for Galois torsors. In particular, we 
relate it to the analogue notion for Galois representations of local fields (with possibly imperfect 
residue fields) ([87 



1.8. Let ^ be a locally constant constructible sheaf of A-modules on U. We define the conductor 
of ^ relatively to X to be the minimum of the set of effective rational divisors R on X with support 
in D such that for every geometric point ^ oi X above a generic point of Z?, the ramification of ^ 
at ^ is bounded by R-\-. As for Galois torsors, this terminology may be slightly misleading as the 
ramification of ^ along D may not be bounded by R+ in general. However, we prove that under 
a strong form of resolution of singularities, there exists an snc-pair {X',D') over k and a proper 
morphism f : X' ^ X inducing an isomorphism X' — D' ^ U, such that if we denote by R' the 
conductor of ^ relatively to X', the ramification of ^ along D' is bounded by R'+ (|8.1ip . 
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1.9. The last part of this article is devoted to studying important specialization properties that 
lead to the fundamental notion of cleanliness and to the definition of the characteristic cycle. Let 
R be an effective divisor on X with support in D]^ We prove (|4.6p that {X ^k X)^-'^'> is smooth 
over X and that 

(1.9.1) E<-'^'i = {X^kXY'^^ xxR 

is canonically isomorphic to the twisted logarithmic tangent bundle 

Y{n],^^{\ogD) ®ff^ ffx(R))xxR 

over R (cf. 12.21 for the convention on vector bundles). We denote by E'-^^^ the dual vector bundle. 
Consider the following commutative diagram with Cartesian squares. 

(1.9.2) s(«) ^(x>fc,X)(«)-^t/Xfcf/ 

R ^X^ U 

Let ^ be a sheaf of A-modules on U Xk U . We call R- specialization of ^ and denote by vjii!^ , ^), 
the sheaf on £'(^) defined by 

(1.9.3) z/fl(^,X)=jf)(^)|i?(^). 

Let ^ be a locally constant constructible sheaf of A-modules on U such that its ramification 
along D is bounded by i?-|- and let ^(^) be the sheaf on U XkU defined in p. 7. II) . We prove in 
18.151 that zyfl(Jf (^),X) is additive, which means that its restrictions to the fibers of i<^(^' over R 
are invariant by translation (cf. 13. ip . This important property was first proved in ([21J 2.25); we 
give a new proof in 18.151 

We fix a non-trivial additive character iJj:Wp^ A^ and denote by S* c E^^-^ the support of 
the Fourier-Deligne transform of i/ji{Jff{^), X) relatively to ip (cf. I3.4l and [3.5p . The additivity of 
iyii(,Jif{^),X) is equivalent to the fact that, for every x e R, the set S n Ex Ms finite (I3.6p . We 
call S the Fourier dual support of i'ii(Jf(^),X). We prove in fact that S is the underlying space 
of a closed subscheme of E^-^'> which is finite over R ()8.18p . Note that 5 is a priori a constructible 
subset of E'^^'i and that it is not obvious that it is closed in i?(^). We say that i^fi(J^{^),X) is 
non- degenerate if S does not meet the zero section of E^^' over R. 

1.10. We need in the following to recall a few facts from the ramification theory of local fields 
with imperfect residue fields developed in [2] , [3] and [21] . We refer to § |6] for a more detailed 
review. Let ivT be a discrete valuation field, ^k the valuation ring of K, F the residue field of ^k, 
K a separable closure of K and ^ the Galois group of K jK. We assume that Gk is henselian and 
that F has characteristic p. In ([5] 3.12), we defined a decreasing filtration ^j^ (r e Q^o) of ^ 
by closed normal subgroups, called the logarithmic ramification filtration. For a rational number 
r ^ 0, we put 



log \J log 



u 



s>r 



This filtration satisfies the following properties, among others : 



We consider rational divisors on X with support in D and integral coefficients as Cartier divisors on X. 
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(i) The group ^ = '^i^t is the wild inertia subgroup of ^, i.e., the p-Sylow subgroup of the 

inertia subgroup ^[^^ ([2J 3.15). 
(ii) For every rational number r > 0, the group Gt^ ('i^) is abelian and is contained in the 

centre of the pro-p-group ^/^[^t- ([2] Theorem 1). 

Further properties are stated below. 

For any finite discrete A-representation M of ^, we have a canonical slope decomposition 

(1.10.1) Af = ®,eQ^„MW, 

characterised by the following properties (cf. 16.41) : M^"' = M^ and for every r > 0, 

(1.10.2) (MW)^i°8 = and (AfM)^'-^ = M^. 

The values r ^ for which M^'"' =|= are called the slopes of M. We say that M is isoclinic if it has 
only one slope. If M is isoclinic of slope r > 0, we have a canonical central character decomposition 

(1.10.3) M = ®^M^, 

where the sum runs over finite characters x '■ GrJ^ J# -^ A^ such that A^ is a finite etale A-algebra 

(cf. Kn . 

We assume moreover that K has characteristic p and that F is of finite type over k. Let il^ (log) 
be the ^i^-module of logarithmic 1-differential forms of ^k and Jl)^(log) = $1^ (log) (x)^^ F (cf. 
16. lip . We have a canonical exact sequence -^ ftp -^ i^p{\og) -^ F ^ 0. We denote by ffj^ the 
integral closure of i^K in K, by F the residue field of ^-^, by ord the valuation of K normalized 
by ord(iir^) = Z and, for any rational number r, by m^ (resp. nx^) the i^-^-module of elements 

X e K such that ord(a;) ^ r (resp. ord(x) > r). 

The additivity property presented in 11.91 is the geometric incarnation of an important property 
of the logarithmic ramification filtration proved in ([21J 1.24), namely, for any rational number 
r > 0, the group Gv\ 'S is an Fp-vector space, and we have a canonical injective homomorphism 

(1.10.4) rsw: Homz(Gr[,g^, Fp) ^ Homj^(m^/m^, r!].(log) ®fF), 
called the refined Swan conductor (cf. I6.13p . 

1.11. Let ^ be a locally constant constructible sheaf of A-modules on U, £, a, generic point of D, 
X(c\ the henselization of X at ^, rj^ the generic point of X/^\, fjc a geometric generic point of Xi^\ 
and ^5 the Galois group of rj^ over ry^ . We say that ^ is isoclinic at ^ if the representation ^^ of 
^5 is isoclinic, and that ^ is isoclinic along D if it is isoclinic at all generic points of D. 

Assume first that ^ is isoclinic along D, and let R be its conductor relatively to X. We say 
()8.23p that ^ is clean along D if the following conditions are satisfied : 

(i) the ramification of ^ along D is bounded by R+: 

(ii) there exists a log-smooth morphism of snc-pairs / : {X', D') -^ {X, D) over k such that the 
morphism X' ^ X \& faithfully fiat, that R' = /*(i?) has integral coefficients, and if we 
put U' = X' - D' and ^' = ^\U\ that the i?'-specialization iy'j^,{M'{^'),X') of Jf{^') 
in the sense of (|1.9.3p relatively to {X',D'), is additive and non-degenerate. 

Note that we may replace (ii) by the stronger condition that it holds for any morphism / satisfying 
the same assumptions (cf. 18.241) . 

This notion can be extended to general sheaves as follows. Let af be a geometric point of X. We 
say that ^ is clean at x if there exists an etale neighborhood X' of af in AT such that, if we put 
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U' = U xx X' and denote by D' the pull-back of D over X' . there exists a finite decomposition 

(1.11.1) ^|C/' = ®l==:.=;n^/ 

oi ^\U' into a direct sum of locally constant constructible sheaves of A-modules ^/ {1 ^ i -^ n) 
on U' which are isoclinic and clean along D' in the previous sense. We say that ,^ is clean along 
D if it is clean at all geometric points of X (cf. I8.25p . Note that for isoclinic sheaves, the two 
definitions are equivalent (|8.27|) . 

The notion of cleanliness was first introduced by Kato for rank 1 sheaves in p^. Our definition 
extends his. It was extended to isoclinic sheaves by the second author (T. S.) in ([51] § 3.2). 

Roughly speaking, if ^ is clean along Z?, then its ramification along D is controlled by its 
ramification at the generic points of D. This is the main idea behind the following definition of 
the characteristic cycle of ^ . 

1.12. We assume that X is connected and denote by d the dimension of X, by T'^(log_D) = 
V(r2^„ (log!?)) the logarithmic cotangent bundle of X and by ^i,...,^„ the generic points of 
D. For each 1 ^ i ^ n, we denote by Fi the residue field of X at ^i, by Si = Spec{ff Ki) the 
henselization of X at ^i and by rji = S'pec{Ki) the generic point of Si. We fix a separable closure 
Ki of Ki and denote by ^^ the Galois group of Ki/Ki. 

Let ^ be a locally constant constructible sheaf of free A-modules on U which is clean along D. 
We denote by Mi the A[^i]-module corresponding to J^\rii. Let 

(1.12.1) M, = ®,^Q^„Mf ^ 

be its slope decomposition and, for each rational number r > 0, 

(1.12.2) Mt^=®^M^;^ 

(r) (r) 

the central character decomposition of M^- ' . Note that M^ ' is a free A-module of finite type for 
all r > and all x- By enlarging A, we may assume that for all rational numbers r > and all 
central characters x oi M^^' (i.e., all characters x'- Gt[ '^i -^ A^ that appear in the decomposition 
(|1.12.2D ). we have A^ = A. Since GrJ^g^i is abelian and killed by p (|6.13p . x factors uniquely as 

Grj'g J^j -^¥p — >■ A^, where ip is the non-trivial additive character fixed in ll.91 We denote also by 
X ■ Grjg J#i — >■ ¥p the induced character and by 

(1.12.3) rsw(x): m^ymr+ ^ f^^,(log) ®F, 

its refined Swan conductor (|1.10.4p (where the notation are defined as in II. 101 with K = Ki). Let 
F^ be the field of definition of rsw(x), which is a finite extension of Fi contained in Fi. The refined 
Swan conductor rsw(x) defines a line L^ in T^(logD) ®x F^- Let L^ be the closure of the image 
of L^ in T^(logD). For each 1 ^ i ^ n, we put 

which is a d-cycle on T^(log-D) Xx F)i. It follows from the proof of ([H] 1.26) that the coefficient 
of [L^] is an element of ^[-], and hence gives an element of A. 

Let (t: X ^ T^(log-D) be the zero-section of TJ(logZ?) over X. We define the characteristic 
cycle of ^ and denote by CC{^), the rf-cycle on T^(log-D) defined by 

(1.12.5) CC{^) = TkA{.^)[a] - Y, CC,{^). 
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Recall ([4] 2.1.1) that we associated to ji^ a characteristic class, denoted by C{j\,^), which is 
a section of ll'^{X, J^x), where Jfx = /A and /: X — >■ Spec(A;) is the structural morphism. 

Conjecture 1.13. Under the assumptions of (|1.12l) . we have in H"(X, J?5c) 

(1.13.1) C{j,^) = {CC{JF),[<j]), 

where the right hand side is the intersection pairing relatively to T^(logD). 

Kato defined the characteristic cycle of a clean sheaf of rank 1 in [15J. The second author (T. 
S.) extended the definition to isoclinic and clean sheaves in (^21J 3.6) and proved conjecture 11.131 
for these sheaves in (loc. cit. 3.7). 

1.14. We may optimistically expect that for any locally constant constructible sheaf ^ of A- 
modules on U, there exists an snc-pair {X',D') over k and a proper morphism of snc-pairs 
{X',D') -^ {X,D) inducing an isomorphism X' — D' ^ U such that ^ is clean along D' . Kato 
proved this property for rank 1 sheaves on surfaces ([15j 4.1). 

1.15. We introduce in §[2] the general notation and conventions for this article and prove some 
preliminary results. Section [3] is devoted to studying additive sheaves on vector bundles. We recall 
in § m the classical notion of dilatation. The first part of section [5] contains a detailed review of 
the notion of frame in logarithmic geometry and some representability results following |16| . Its 
second part is devoted to the study of snc-pairs over k ; we introduce the framed products and 
extend the notion of dilatation to rational divisors. Section |6] is a review of ramification theory 
of local fields with imperfect residue fields. The last two sections, § [7] and § El are the heart of 
this article. The former is devoted to studying the ramification of galois torsors and the latter to 
studying the ramification of £-adic sheaves. 
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2. Notation and preliminaries 

2.1. In this article, we fix a prime number p, a perfect field k of characteristic p and an algebraic 
closure k oi k. All fc-schemes are assumed to be separated of finite type over k. We fix also a 
prime number £ different from p, a finite local Z^-algebra A and a non-trivial additive character 

iP: Fp^ A^. 

2.2. Let X be a scheme and S' a locally free ^x-module of finite type. We call the spectrum of 
the quasi-coherent ^x-algebra Sym^^ ((?) the vector bundle over X defined by S' and denote it by 

V(^). 

2.3. Let X be a locally noetherian scheme. In this article, a Galois torsor over X of group G 
stands for a torsor over X for the etale topology under a finite constant group G, that is, a principal 
covering of X of Galois group G in the sense of ([lOj V 2.8). 
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2.4. Let X be a normal and locally noetherian scheme, U a dense open subscheme of X, V a. 
Galois torsor over U of group G, and Y the integral closure of X in V. Then G acts on Y and 
we have X = Y/G. Let y be a point of Y and y a geometric point of Y above y. Recall that 
the inertia group ly of y is the subgroup of elements a e G such that g(y) = y and that g acts 
trivially on K{y). It is convenient to denote ly also by ly and to call it also the inertia group of 
y. Assume that X is universally Japanese, which means that every point of X has an afhne open 
neighborhood whose ring is universally Japanese ([12] 0.23.1.1). Let x be the image of y in X. 
Then we have a canonical isomorphism 

(2.4.1) X(^)XxV^ \_\ Y(-,)XyV, 

where Y/^j is the strict localization of Y at z. Since Y is normal. Y}^) xy V is integral. Therefore, 
ly is the stabilizer of Y/y\ xy V in G. 

2.5. Recall that a scheme locally of finite type over a universally Japanese scheme is universally 
Japanese, and that the ring Z (resp. any field) is universally Japanese ([12] 7.7.4). 

2.6. Let X be a /c-scheme. We denote by pr]^,pr2: X Xk X ^ X the canonical projections. If 
Y is an X-scheme and Z is an {X X/, X)-scheme, we denote by Y xx Z (resp. Z Xx Y) the 
fibered product of Y and Z over X, where Z is considered as an X-scheme by prj^ (resp. pr2). In 
particular, in Z Xx Z, the first factor is considered as an X-scheme by prj while the second factor 
is considered as an X-scheme by prj^. Let ^ be an etale sheaf of A-modules on X. We denote by 
J^{J^) the sheaf on AT Xk X defined by 

(2.6.1) J^(.^) = ^om(pr|^,prJ^^). 

If /: y ^- X is a morphism of schemes, we denote (abusively) the pull-back f*{,^) also by ,'^\Y . 

Lemma 2.7. Consider a commutative diagram of finite morphisms of locally noetherian schemes 

(2.7.1) 




and let Xq be a dense open subscheme of X , z' e Z' , y' = i'(z'), x' = f'(y'), z = h(z'), y = i(z) = 
g'{y') and x = f{y) = g(x'). We denote by the index o the base change of schemes or morphisms 
by the canonical injection Xq -^ X. Assume that X,X' ,Y and Y' are normal, that Yq is dense in 
Y , that /o is etale, that Yq ~ Iq Xx X' , that Yq is dense in Y' and that f oi and f o i' are closed 
immersions. 

(i) // / is etale at y, then f is etale at y' . 

(ii) Assume moreover that the irreducible component of X' containing x' dominates the irre- 
ducible component of X containing x, that Zq ^ Zq Xx X' and that Z'q is schematically dense in 
Z' . Then f is etale at y if and only if f is etale at y' . 

(i) We denote by V (resp. V') the maximal open subscheme of Y (resp. Y') where / (resp. /') 
is etale. Since V Xx X' is etale over X', it is normal. But Y' is the integral closure of Y Xx X' in 
Yq. Therefore, V x x X' is isomorphic to g'^^iV), and g'^^iV) cz V, which implies the proposition. 
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(ii) Observe first that i and i' are closed immersions. By (i), it is enough to prove that if /' 
is etale at y', then / is etale at y. We may replace X (resp. X') by its strict henselization at a 
geometric point above x (resp. x') and Y and Z (resp. Y' and Z') by their pull-back ; so we may 
assume X, X\ Z and Z' strictly local. Then we may replace Y by its localization Yy and Y' by 
g'^^{Yy). Let Y^ be a connected component of Y'. By assumption Ig is dense in Y^ . Since the 
restriction ig -^ Xq of /' is finite and etale, it is surjective ; hence f'{Y^) = X'. If F is a reduced 
closed subscheme of Y such that f{F) = X, then F = Y. We deduce that g'iY^^) = Y. Since 
Z^ is dense in Z', it is not empty. Then g'-'^{g'{Z'a)) n F^ = Z^ n F^ + 0, and hence Z' c Y\ 
Therefore Y' is connected and /' is an isomorphism (as it is etale). Let ^ (resp. 77) be the generic 
point of X (resp. Y). It follows that / induces an isomorphism rj ^ ^. Since Y is the integral 
closure of X in 77, / is an isomorphism. 

Proposition 2.8. Let X he a regular, locally noetherian and universally Japanese scheme, U an 
open dense subscheme of X , V a finite etale covering of U , Y the integral closure of X in V, V 
the maximal open subscheme ofY which is etale over X , and T a closed subscheme ofY. Assume 
the following conditions satisfied : 

(i) All codimension one points of T are contained in V . 

(ii) There exists a Galois torsor W over U , with nilpotent group G, and a subgroup H of G, 
such that V is U -isomorphic to the quotient of W by H . 

Then T (zV. 

Let Z be the integral closure of X in W. For every geometric point z of Z, we denote by /-^ c G 
the inertia group of z. By condition (i), if z is above a codimension one point of T, then /- a H. 
We proceed by induction on [G : H]. Let n ^ 1. We assume that the proposition holds true if 
[G: H] < n and prove it if [G: H] = n. The proposition is obvious ii G = H; so we may assume 
that n > 1. There exists a normal subgroup G" of G containing H and different from G such that 
G/G' is abelian ([8] I §6.3 prop. 8). Observe that G" is nilpotent. We denote by U' the quotient 
of Why G', and by X' the integral closure of X inU'. We denote hy h: Y ^ X' und g: X' ^ X 
the canonical morphisms, and put / = g o h. Let N be the maximal open subscheme of X over 
which g is etale (observe that g is finite). It follows from the assumption that g is etale at all 
points h{t) 6 X', where i is a codimension one point of T. Since g is Galois, we conclude that for 
any codimension one point t of T, f{t) e N. Let S be the reduced closed subscheme of X with 
support X — N. By the Zariski-Nagata purity theorem ([TT] X 3.4), 5* is a Cartier divisor on X. 
If f{T) n S ^ 0, then there exists a codimension one point i of T such that f{t) e S, which is a 
contradiction. Hence f{T) c N. We may replace X by N and U,V and W by their pull-backs. 
Then X' is etale above X; in particular, it is regular. The induction assumption implies that h is 
etale over an open neighbourhood of T in Y. Then T a V'. 

Remark 2.9. Under the assumptions of (|2.8p . if moreover V is connected, then condition (ii) is 
equivalent to the following condition : 

(ii') V is dominated by a connected finite etale Galois covering W oi U with nilpotent Galois 
group G (i.e. there exists a dominating [/-morphism W ^ V). 

Lemma 2.10. Let A be a strictly henselian valuation ring, with fraction field K and residue field 
of characteristic p, K a separable closure of K and G the Galois group of K over K. Then G has 
a normal p-Sylow subgroup P, and the quotient /* = G/P is abelian. In particular, G is solvable. 

Let L be a finite Galois extension of K and Gl the Galois group of L/K. The integral closure 
B oi A in L is a. strictly henselian valuation ring ([20] Theorem 9). Let Pl be the large valuation 
group of B defined in ([5J VI § 12 page 75), which is a normal subgroup of Gl- Then Pl is a 
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p-group (loc. cit., Theorem 24 page 77). The quotient /£ = Gl/Pl is abehan (by construction), 
and its order is prime to p (loc. cit., (23) page 76). Hence Pl is a normal p-Sylow subgroup of 
Gi . The lemma follows by passing to the limit over finite Galois extensions of K contained in K. 

Proposition 2.11. Let A be a local ring of maximal ideal m, p a prime ideal of A, k(p) the 
residue field of A at p, and v: A —^ Ap the canonical homomorphism. Assume that pAp a i'{A), 
and consider the following conditions : 

(i) A is henselian. 

(ii) Ap and A/p are henselian. 

Then we have (i)^>(ii). If moreover v is injective, the two conditions are equivalent. 

Observe first that we may assume that v is injective. 

(i)^>(ii). We need only to prove that Ap is henselian. Let B' be a finite free Ap-algebra. We 
need to prove that B' is decomposed. By ([12] 8.8.2 and 8.10.5), there exists f e A — p and a finite 
^/-algebra of finite presentation B" such that B' ~ B" (S)Af Ap. Then by Zariski's main theorem 
f |12j 8.12.6), there exists a finite A-algebra B that fits into a commutative digram 

Spec{B") — ^ Spec(B) 



Spec(A/) ^ Spec(yl) 

where j is an open immersion. The induced morphism Spcc(i?") —>■ Spec(-B/) being an open and 
closed immersion, we may replace B' by Bp. Replacing B by its canonical image in Bp, we may 
assume that B (^ Bp. We have isomorphisms of A-modules 

Bp/B :^B®A {Ap/A) ^B®A (k(p)/(A/p)), 

where the second follows from the assumption pAp c A <z Ap. We deduce that pBp a B. 
We put C = B 0A k{p) = Bp/pBp. Since C is an artinian ring, we have 

qeQ 

where Q is the set of prime ideals of B above p. For each q e Q, we denote by Cq the canonical 
image of B in Cq. We put C = riqsQ ^q ^^'^ denote by B its inverse image by the canonical 
morphism Bp -^ Bp/pBp = C. We have an exact sequence of A-modules 

(2.11.1) ^ B/pBp -^C ^ B/B -^ 0. 

We deduce that B is finite over A and that Bp ~ Sp. On the other hand, since pAp c A c Ap, we 
have p = ker(A -^ k{p)) = pAp, and hence pB = pApS = pBp. Therefore, the canonical morphism 
B/pB —>■ C is an isomorphism. 
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Consider the following cominutative diagram 

idenip(i?p) 



■ idemp(C) 



idemp(S) s- idemp(C) 

7 

idemp(i3/Tn.i3) 




where idemp(— ) denotes the set of idempotents. Since A is henselian, (3 and 7 are bijective; then 
so is V. For each q e Q, since Cq is an artinian ring, Cq is a local ring and a is a bijection. We 
deduce that u is surjective and hence that Bp is decomposed. Note that u is always injective. 

(ii)^>(i) Let B be a finite free ^-algebra. We need to prove that B is decomposed. Consider 
the following commutative diagram. 



idemp(i3) ^ idemp(i3/p_B) s~ idemp(i3/mi3) 



idemp(i3p) — ^^ idemp(i3p/pi3p) 



By assumption, v and w are bijections. On the other hand, it follows from the assumption pAp 
A <^ Ap that the canonical diagram 



B 



Sb 



B/. 



PB 



■ Bp/pBp 



is cartesian with injective vertical arrows. We deduce that u is surjective and hence that B is 
decomposed. 

Definition 2.12. Let X be a locally noetherian and normal scheme, U a dense open subscheme of 
X, V a. Galois torsor over U of group G, Y the integral closure of X in V, and x a geometric point 
of X. We say that V/U has the property (NpS) at x if for every geometric point y oi Y above 
X, the inertia group ly of y has a normal p-Sylow subgroup (or equivalently, ly is a semi-direct 
product of a group of order prime to p by a p-group ([23| theorem 4.10)). 

Lemma 2.13. Let X be a normal, locally noetherian and universally Japanese scheme, U a dense 
open subscheme of X , V a Galois torsor over U of group G, Y the integral closure of X in V, y 
and y' geometric points of Y , and ly and Iy> the inertia groups ofy and y' , respectively. Ify is a 
specialization ofy', then lyi c. ly. 



Let Y(iy^ and Yj-jj/j 



be the strict localizations oiY aXy and y' , respectively, and let v : Y/-,, 



n 



Yt 



m 



be a specialization map. Let x and x' be the images of y and y' in X, respectively, and let 
Xi-^\ and Xi-^i\ be the corresponding strict localizations of X. There exists a specialization map 
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u : X(^^i\ —>■ X(Tg\ such that the diagram 

(2.13.1) Y^y,)^L^Y^y^ 



where the vertical arrows are the canonical morphisms, is commutative (^ VIII 7.4). The mor- 
phism 

(2.13.2) w = uxxV:X(^.)XxV^X(^^xxV 

is G-equi variant. If we identify Yty\ xyV with a connected component of Xr-^\ xxV and Y(^i\ xyV 
with a connected component of Xf^i^ xx V (|2.4p . then we have w{Y(^r^ xy V) cz Y^y-^ xy V. We 
deduce that ly, c % ((2^ . 

Corollary 2.14. Let X be a normal, locally noetherian and universally Japanese scheme, U a 
dense open subscheme of X , V a Galois torsor over U of group G, andx a geometric point of X . 
Assume that V /U has the property (NpS) atx. Then, there exists an open neighborhood Xq ofx 
in X such that V/U has the property (NpS) at every geometric point of Xq . 

This follows from 12.1^ ([6J VIII 7.5) and the fact that if a finite group has a normal p-Sylow 
subgroup, then so is any subgroup ([8J I § 6.6 cor. 3 of theo. 3). 

Lemma 2.15. Let X,X' be normal, locally noetherian and universally Japanese schemes, U a 
dense open subscheme of X, V a Galois torsor over U of group G, Y the integral closure of X in 
V, f : X' —> X a morphism, U' = f~^(U), V = U' Xfj V, Y' the integral closure of X' in V, 
g: Y' ^>-Y the canonical morphism, y' a geometric point ofY', y = g{y'), x' the image ofy' in X' , 
X = f{x'), and ly and lyi the inertia groups ofy andy', respectively. Then lyi a ly. In particular, 
if V/U has the property (NpS) at x, V /U' has the property (NpS) at x' . 

Replacing X' by the schematic closure of U' in X', we may assume that U' is dense in X'. Let 
Yiy\ (resp. YL,s) be the strict localization of V at y (resp. Y' at y') and let X/-^\ (resp. X',-,-^) be 
the strict localization of V at x (resp. X' at x'). The morphism 

(2.15.1) h = f XxV: V('^,) XX' V -^ X(j) x^ V 

is G-equivariant. If we identify Y^y\ xyV with a connected component oi X(^\ xxV and Y/-,^ xyiV' 
with a connected component of X',-,^ Xx' V (|2.4p . then we have hiYL,, Xyi V') a Y^j) Xy V. We 
deduce that /y a ly ()2.4p . The second assertion follows immediately from the first one. 

Proposition 2.16. Let A be a ring, t e A, X = Spec(^), U = Spec(Af), B a finite sub-A-algebra 
of At and Y = Spec(B). Assume that t is not a zero divisor in A. Then the canonical morphism 
Y ^ X is a U -admissible blow-up. 

We refer to ([15] § 5.1 and [Ij §1.13) for generalities on admissible blow-ups. Let fi (1 ^ i ^ n) 
be generators of the A-algebra B , Oi {\ ^ i ^ n) elements of A, and r an integer ^ 1 such that 
o-i = t^ fi 6 Af. We put oq = f, I = (oo, fli, . . . , On) and let ip : X' —>■ X he the blow-up of / in X. 
For ^ i ^ n, we put 



A', 


= A 


ao 


a, 






Oi 


a 


A, 


= K 


A, 
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where Ji is the ideal of ai-torsion in A'^ (i.e. the ideal oi x € A[ such that a^x = for some m ^ 1). 
We see easily that the Spec(Ai)'s {0 ^ i ^ n) form an open covering of X'; for every ^ i ^ n, 
Spec(^i) is the maximal open subscheme of X' where (p*{ai) generates the ideal I^x' (cf. [T] 3.1.6 
and 3.1.7). It is clear that B = Aq; so Y is canonically identified with an open subscheme of X'. 
Since Y is finite over X, the open immersion Y ^ X' is also closed. On the other hand, as U is 
schematically dense in X (|lj 1.8.30.2), (fi~^{U) is schematically dense in X' ([1] 1.13.3(i)). But 

ip-^{u) (=y, so r = x'. 

Corollary 2.17. Let X be a quasi-compact and quasi-separated scheme, D an effective Cartier 
divisor on X , U = X — D and f: y — >■ X a finite morphism inducing an isomorphism above U such 
that f^^{U) is schematically dense in Y. Then, there exists a U -admissible blow-up ip: X' -^ X 
and an X -morphism g: X' —^ Y. 

Let Xi = Spec(Ai) (1 ^ i ^ n) be a finite afhne open covering of X such that, for each i, 
D is defined over Xi by one equation in Ai. For each 1 ^ i ^ n, we put Yi = Xi xx Y and 
let fi'.Yi -^ Xi be the restriction of /. Bv 12.161 each fi is a (C/ n Xi)-admissible blow-up. By 
( |18) 5.3.1), there exists a [/-admissible blow-up Lpi: X^ —>■ X extending fi. Assume that ipi is 
the blow-up of an ideal of finite type £/i of ^x such that £/i\U = Gx \ U- Let ip: X' ^ X he the 
blow-up of YVi=i ^i- ^y ^^^ universal property of blow-ups, for each \ -^ i -^ n, there exists an 
X-morphism hi: X' ^ X[. Its restriction above Xi is a morphism gi: X' xx Xi -^Yi. For each 
1 ^ *, J ^ 'T', the restrictions of gi and gj above Xi n Xj are canonically identified. By gluing the 
giS, we get an X-morphism g: X' ^rY . 

2.18. Let X be a coherent scheme (i.e. a quasi-compact and quasi-separated scheme) and U 
an open subscheme of X. We denote by Sch/x the category of X-schemes and by ^ the full 
subcategory of Sch/j^ of objects [X',tf), where p: X' ^r X is ■& [/-admissible blow-up (cf. [T5] § 
5.1 and [IJ §1.13). The Zariski-Riemann space of the pair (X,U) is the topological space defined 

by 

(2.18.1) Xzn= Inn \X'\, 

(x' ,f)i=m 

where \X'\ denotes the topological space underlying to X' . For every ^ e Xzr, we put 

(2.18.2) ^JfzH,?= Inn ^x',c,, 

{X' ,ip)eSS° 

where <^^ is the image of ^ in X' . By ([24J VI §17), Xzk is quasi-compact. If U is schematically 
dense in X, then the canonical map Xik ~^ \X\ is surjective. 

2.19. Let X be a coherent scheme, D an effective Cartier divisor on X and U = X — D. We keep 
the notation of (j2.18p and denote by 'rf the full subcategory of Sch/^ of objects {X",il;), where ip 

is composed of two morphisms X" -^ X' ^> X satisfying the following conditions : 

(a) (y9 is a [/-admissible blow-up; 

(b) p is a finite morphism inducing an isomorphism above [/; 

(c) ip~^{U) is schematically dense in X". 

Then every object of ^ is an object of 'rf ([Ij 1.13.3(i)). We denote by 

(2.19.1) l:^^'^ 

the canonical injection functor. Then t° is cofinal (cf. [6 I 8.1.1) and '£ is cofiltered. Indeed, 
since ^ is cofiltered, it is enough to prove that t° satisfies conditions FI) and F2) of ([6J I 8.1.3). 
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Condition Fl) follows from 12.171 and ( |18j 5.1.4), and condition F2) is an immediate consequence 
of condition (c) above. We deduce that the canonical morphism 

(2.19.2) lim \X"\ -^ lim \X'\ = Xzr 

is an isomorphism. For every ^ e Xzk, we have a canonical isomorphism 

(2.19.3) ^xza,e^ Im ^X",«^, 

where ^^ is the image of ^ in X" by the map X^r -^ \^"\ induced by (|2.19.2p . Note that for any 
object (X",ijj) of '^, the map Xzr -^ \X"\ is surjective (cf. [2l7l and [218]) . 

Lemma 2.20. Let X be a coherent scheme, D a closed subscheme of finite presentation of X , 
U = X — D,xeD,^ a point of Xzr above x, and J the ideal of 0x,x defined by D. Assume that 
U is schematically dense in X, and put ff(^ = ^Xzr,? o,'>T-d p = Hn J^^i- Then : 

(i) ^5 equipped with the J-adic topology, is a prevaluative ring, which means that it is local and 
that every open ideal of finite type is invertible ([T] 1.9.1). Let t e ff^ be a generator of Ji^^. 

(ii) ff^ [ j] is a local ring. 

(iii) ^^/p is a valuation ring with fraction field the residue field of ^^[j]. In particular, ^5 [7] 
is the localization of &(^ at p. 

(iv) The ideal pG^\^ is contained in the image of the canonical homomorphism &(^ —> ^5 [7]. 

Since the transition homomorphisms of the inductive limit (|2.18.2p are local, the ring 1^^ is local 
and J is contained in the maximal ideal of ff^. Replacing X by its blow-up along D, we may 
assume that J is invertible, generated by i e ^x,x- For every object {X', ip) of 3§ (|2.18p . (p^^{U) 
is schematically dense in X' ([1] 1.13.3(i)). It follows that t is not a zero divisor in ^^. Let / be 
an open ideal of finite type of ^5. Then / is induced by an ideal of finite type J^ of i?'x' for an 
object {X', (fi) of 3§ such that J^\U = Gu . By blowing-up J^ in X' . we obtain an object (Xi, <\)) of 
SS ([TS] 5.1.4) such that J^ffxi is invertible. Therefore, the ideal / is monogenic. Since / is open 
and since t is not a zero divisor in i^j, / is invertible, which proves the proposition (i). 

Propositions (ii) and (iii) follow from ([1] 1.9.4). Proposition (iv) is obvious. 

Lemma 2.21. Let X be a normal, locally noetherian and universally Japanese scheme, D an 
effective C artier divisor on X , U = X — D and V a Galois torsor over U of group G. Then with 
the notation of (j2.18p and (|2.19p . for every ^ e Xzn, there exists an object (X" , ip) of^ satisfying 
the following properties : 

(i) X" is normal. 

(ii) // TT^ : XzR -^ \X"\ ** the morphism induced by the isomorphism p.l9.2p and ^^ = TT,p{£,), 
then V /U has property (NpS) at every geometric point ^^ of X" above ^0 . 

We put i^j = ^XzR-i ^^^ ^ = Spec(^^). Let s be a geometric closed point of S and S = Spec(^) 
the corresponding strictly local scheme. For each object {X",ip) of '■^, we denote by tt^ : Xzr -^ 
\X"\ the morphism induced by the isomorphism (j2.19.2p . and put ^^ = Tr^{£,), ^5^ = &x",(,^ and 
5^ = Spec(i^^^). We have a canonical isomorphism ()2.19.3p 

(2.21.1) S^ lim S^. 

(X" ,i,)^'e 

Let {X" , ip) be an object of 'rf. Since the canonical homomorphism G^^ -^ ff^ is local, s determines 
a geometric closed point of S^ (also denoted by s). We denote by ^^ the geometric point of X" 
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above ^^ corresponding to s, and by S^ the strict localization of S^ at s. Then the canonical 
morphisms S —^ S^ induce an isomorphism 

(2.21.2) S^ lim 'S^. 

Indeed, the projective limit above is a strictly local scheme, with the same residue field as S. 

We may assume that x = ^id e D. Let J be the ideal of ffx,x defined by D. We put p = f]^ J^ff^. 
It follows from 12.201 that the ideal Jif^ is invertible, generated by t e ^^ , that ff^/p is a valuation 
ring and that ^^[7] is the localization of ^^ at p. The scheme T = Spec(^/pA) is the strict 
localization of T = Spec(£?j/p) at s. Since S has only one point above p e S' ([6j VIII 7.6), namely 
pA, we have A^a = A®^^ (^c)p ~ ^[ll- Then it follows from 12. 201 iv) that pApA is contained in 
the image of the canonical homomorphism A —> A^a- Therefore, A[^] is a henselian local ring by 
12. m and hence the canonical map 

(2.21.3) 7ro{TxxV)^7ro(SxxV) 

is bijective. 

Since i^j/p is a valuation ring, ^/pA is a strictly henselian valuation ring. This follows from ([7] 
§ 2.4, prop. 11) and ([20] Fundamental lemma on the extensions of valuations, page 50). Let K be 
the fraction field of A/pA, K a separable closure of K and ^ the Galois group of K over K . By 
(|2.21.2I) . (|2.21.3P and ([12] 8.4.1), there exists an object (X", V) of ^ such that the canonical map 

(2.21.4) ttq{T XX V) -^ TToiS^ xx V) 

is injective. We may assume that X" is normal. Since the map (|2.21.4|) is G-equivariant and since 
G acts transitively on the source and on the target, it is bijective. Let Y" be the normalization of 
X" in V. The set 7ro(^v x^ V) is isomorphic to Y" ®x" k{1^) (cf. (|2XT|) 1. For y" e Y" 0x" k(^^), 
we denote by ly" c G the inertia group of y". As lyii is the stabilizer in G of the connected 
component of S*^ xx V corresponding to y" (|2.4p . it follows from the bijection (|2.21.4p that ly^ is 
isomorphic to a quotient of ^. Therefore, by 12.101 V/U has property (NpS) at ^^. 

Proposition 2.22. Let X be a normal, locally noetherian and universally Japanese scheme, U a 
dense open subscheme, and V a Galois torsor over U . Then there exists a U-admissible blow-up 
ip: X' —^ X, such that if we denote by X" the normalization of X' , V/U has the property (NpS) 
at every geometric point of X" . 

Replacing X by a [/-admissible blow-up, we may assume that there exists an effective Cartier 
divisor D on X such that U = X — D; we take again the notation of (|2.18p and (I2.19p . Let S' 
be the full subcategory of '■^ of objects {X",ij}) such that X" is normal. It follows from ([6J I 
8.1.3(c)) that ^° is cofinal in 'Tf°. For each object {X",ip) of ^, we denote by tt^ : Xzk -^ \X"\ 
the morphism induced by p.l9.2p . and by Xq the maximal open subscheme of X" such that V/U 
has the property (NpS) at every geometric point of Xq (|2.14p . Bv l2.2H we have 

(2.22.1) XzR= U 7r-\X'^). 

(X",^)S® 

Since Xzr is quasi-compact ()2.18p . there exists an object {X",ijj) of ^ such that Xzr = ttT {X"). 
As TT^ is surjective, we deduce that V/U has the property (NpS) at every geometric point of X" . 

Lemma 2.23. Let G,G' be smooth connected group schemes over k, and let f : G ^> G' be an 
etale morphism of k-group schemes. Then : 
(i) / is finite and surjective. 
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(ii) If G' is commutative, then so is G; if G' is isomorphic to A^ for some integer n ^ 1, then 
so is G and the kernel of f is a finite dimensional ¥p-vector space. 

(i) The proposition follows from ([9J VIb 1.3.2 and 1.4.1). 

(ii) Assume first that G" is commutative. Then the derived group (G, G) is contained in the 
kernel of / and hence is the unit group. Therefore G is commutative. Assume next that G' ~ A^. 
Any maximal torus of G is contained in the kernel of /, and hence is the unit group. Therefore, 
G is unipotent ([9 XVII 4.1.1). Since pG is contained in the kernel of / and G is connected, we 
deduce that pG = 0. Therefore, G is isomorphic to A^. 

2.24. Let f : X ^^ Y he a. morphism of schemes, ^ a locally constant and constructible sheaf of 
A- modules on Y , and {# a sheaf of A- modules on Y . Then the canonical morphism 

(2.24.1) /*(^om(^,^)) ^^om(/*(^),/*(^)) 

is an isomorphism. Indeed, the statement is obviously true if / is etale (even is ^ is not locally 
constant and constructible). Hence, by replacing Y by an etale covering Y' and X hy X Xy Y', 
we may assume that ^ is constant on Y of value a finite A-module M. Since A is noetherian, we 
have an exact sequence A™ ^ A" -^ M ^ 0. We deduce the following commutative diagram with 
exact lines. 

(2.24.2) ^ /*(^om(^,^)) s- /*(^") s- /*(^™) 

^ ^om(/*(^), /*(^)) ^ /*(^)" ^ /*(^)™ 

Since /3 and 7 are clearly isomorphisms, a is an isomorphism. 

Proposition 2.25. Let X be a normal scheme, U a dense open subscheme of X , ^ a locally 
constant and constructible sheaf of K-modules on U , and f : Y —>■ X a morphism. We put V = 
f^^{U) and denote by i: [/ — >■ A and j : V —>■ Y the canonical injections. We assume that V is 
schematically dense in Y . Then the base change morphism 

(2.25.1) a: i4^)\Y ^ j4^\V) 

relatively to f is injective. 

Let y be a geometric point of Y and x = f{y). It is enough to prove that the stalk ay of a at y 
is injective. We may replace X and Y by their strict henselizations at a; and y. Since V is dense 
in Y, it is not empty. Let 77 be a geometric point oi V, rj ^^y a, specialization map and ^ = /(?y). 
Then we have a commutative diagram 



(2.25.2) (i^(^))_^^ ^^- 



? 



ij.mv))y^^{.^ 



vh 



where u and v are the specialization homomorphisms. Since ajj is an isomorphism, it is enough 
to prove that u is injective. Since X is normal and strictly local, U is connected and we have 
{i*{-^))x = r(A, i^(^)) = r([/, ^). There exists a connected Galois torsor U' over U that 
trivializes ^. Then u is identified with the canonical morphism T{U,^) -^ T{U',J^), which is 
obviously injective. This concludes the proof. 
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Lemma 2.26. Let X he a normal, locally noetherian and universally Japanese scheme, U a dense 
open subscheme of X, j: U —^ X the canonical injection, V a Galois torsor over U of group G, 
and M a K\G~\-module. The constant etale sheaf My on V defines by Galois descent a locally 
constant and constructible sheaf .-^ of A-modules on U . Let s e M , H the stabilizer of s in G, 
U' the quotient of V by H, X' the integral closure of X in U' , and j' : U' -^ X' the canonical 
injection. 

(2.26.1) 




We put .^' = ^\U' and consider s as a section of j'J.^')(X') = ^'(U') = ^(U') = ^{V)" . Let 
x' be a geometric point of X' and x its image in X . Then the base change morphism 

(2.26.2) a: M.^)\X' ^ Ur) 

relatively to the Gartesian diagram (|2.26.ip is injective. Moreover, the following conditions are 
equivalent : 
(i) The stalk 

(2.26.3) ar^': (i*^)-^(i;^')5' 

of the morphism a at x' is an isomorphism. 

(ii) The image of s in {j'^^')x' is in the image of the morphism (|2.26.3p . 
(iii) The morphism X' -^ X is etale at x' . 

Observe first that the miphcations (iii)^>(i)^>(ii) are obvious. Let Y be the integral closure of 
X mV,Y ^ X' the canonical morphism, y a geometric point of Y above x', and I c G the inertia 
group of y. Then the morphism (12.26. 3|) can be canonically identified with the canonical injection 

(2.26.4) M^ -^ M'''", 

which proves the first assertion. It follows from p.26.4|) that condition (ii) is equivalent to / (Z iJ , 
which is also equivalent to each of the conditions (i) and (iii) . 

Lemma 2.27. Let X be a scheme, U an open subscheme of X , ^ a locally constant constructible 
sheaf of A-modules on X , x a geometric point of X , ^(s) the corresponding strictly local scheme, 
and Vi a Galois torsor over Ui = ^(s) Xx U trivializing ^\Ui. Then, there exists an etale 
morphism f: X' — >■ X, a geometric point x' above x and a Galois torsor V' over U' = f~^{U) 
trivializing ^\U' such that if we identify the strictly local schemes X',-,, and X(-^\ by f , there exists 
a Ui -isomorphism V Xx' X',-,-. ^ Vi. 

It follows from ([12] 8.8.2 and 10.8.5) (cf. ^ 6.2). 

3. Additive sheaves on vector bundles 

Definition 3.1. Let X be a scheme with residual characteristics different from £, n: E ^> X a, 
vector bundle, and ^ a constructible sheaf of A-modules on E. We say that ^ is additive if 
for every geometric point ^ of A and for every e e E{£^), denoting by Te the translation by e on 
E^ = E Xx C: T*(.^\E^) is isomorphic to .^\E^. 
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We can make the following remarks : 

(i) We may restrict to the geometric points ^ of X with algebraically closed residue fields. 

(ii) If ^ is additive, then for any X-scheme X' , denoting by E' the vector bundle E Xx X' over 
X', .^\E' is additive. 

(iii) J^ is additive if and only if for every geometric point ^ oi X with algebraically closed residue 
field, ^\E^ is additive. 

Proposition 3.2. Let X be a scheme with residue characteristics different from £, f: E' ^^ E a 
morphism of vector bundles over X, and ^ (resp. ,'^' ) a constructible sheaf of K-modules on E 
(resp. E' ). Then : 

(i) If ^ is additive, f*(-^) is additive. 

(ii) If ^' is additive and if f surjective, R"/!(^') is additive for all n ^ 0. 

(iii) Assume f surjective. Then ^ is additive if and only if f*(-^) is additive. 

Propositions (i) and (ii) follow immediately from the definition ()3.ip . To prove (iii), it remains 
to show that if f*{^) is additive then so is ^. The problem being local on X, we may assume 
that there exists a section a: E ^>- E' of /. Then the required property follows from (i). 

3.3. Let .if^ be the Artin-Schreier sheaf of A-modules of rank 1 over the additive group Ap 
over Fp, associated to the character -0 fixed in p.ip ( ^19) 1.1.3). Then ^^, is additive. Indeed, if 
/i: Aj. xf Aj^ ^- Aj. denotes the addition, we have an isomorphism 

(3.3.1) ^i*.^^ ~ wl^^®W2-^i.- 

We will show that to a certain extent, all additive sheaves in characteristic p come from .if^. If 
/: A ^ Ap is a morphism of schemes, we put ^^(/) = /*^^. 

3.4. Let X be a fc-scheme, tt : E ^> X a, vector bundle of constant rank d, and tt: E ^^ X the dual 
vector bundle. We denote by{, }: E xx E ^ A^ the canonical pairing, by prj^ : E xx E ^ E 

and prj : E Xx E —^ E the canonical projections and by 

(3.4.1) ^^■.■Dl{E,A)^-Dl{E,A) 
the Fourier-Deligne transform defined by 

(3.4.2) ^^{K) = Rpr2,(pr*X® Jf^« , »). 

We recall some properties of this transform that will be used later. 

Let tt'' : E^ -^ X he the bidual vector bundle oi n: E ^ X, a: E ^ E'' the anti-canonical 
isomorphism defined by a{x) = —(x, ), and ^1 the Fourier-Deligne transform for tt: E ^ X. For 
every object K of D^(i?, A), we have a canonical isomorphism ([19] 1.2.2.1) 

(3.4.3) ?;; o^^{K) =. a*{K){-d)[-2d]. 

Let tt' : _E' — >■ A be a vector bundle of constant rank d', ^L its Fourier-Deligne transform, 
f : E ^ E' a, morphism of vector bundles, and f : E' -^ E its dual. For every object K of 
D^(iJ, A), we have canonical isomorphisms 

(3.4.4) d'^oRfXK) ^ roS^{K), 

(3.4.5) d'^,oRf^{K){d')[2d'] ^ foS^{K){d)[2d], 
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and for every object K' of Dj!(i?', A), we have canonical isomorphisms 

(3.4.6) Rf,o:s'^{K'){d')[2d'] ^ ^^or{K'){d)[2d\, 

(3.4.7) Rf^o:S'^{K') ^ ^4,0 f{K'). 

Indeed, isomorphism p.4.41) is proved in ([T^ 1.2.2.4). It imphes isomorphism p.4.6p by (|3.4.3p . 
and isomorphism (|3.4.5p by duahty and (|3.4.3p . FinaUy, isomorphism p.4.7p is obtained from 

(EX3byex3D. 

For any section e e E{X) and any object K of D^(i?, A), if we denote hy Te: E ^ E the 
translation by e, we have a canonical isomorphism ([19J 1.2.3.2) 

(3.4.8) ^^ij.^K) ^ ^^{K)®^^{{e, ». 

3.5. Let X be a scheme and K an object of Dj!(X, A). The support of K is the subset of points 
of X where the stalks of the cohomology sheaves of K are not all zero. It is constructible in X. 
This definition is in general different from the one introduced in ([6J IV 8.5.2). 

Proposition 3.6. Let X he a k-scheme, n: E ^ X a vector bundle of constant rank, n: E —>■ X 
the dual vector bundle, .^ a constructible sheaf of A-niodules on E, and S <^ E the support of 
Sjp{^). Then .^ is additive if and only if for every x 6 X , the set S n E^ is finite. 

By the proper base change theorem, we may assume X = Spec(k) and k algebraically closed. 
Then we are reduced to the following : 

Proposition 3.7. Assume k is algebraically closed and let E be a vector bundle over k, n: E ^ X 
the dual vector bundle and ^ a constructible sheaf of A-modules over E. The following conditions 
are equivalent : 

(i) ^ is additive. 

(ii) The support of^^{.^) is finite. 

(iii) J^ is isomorphic to a finite direct sum of sheaves of the form M ®.^^{f), where M is a 
A-module of finite type and f : E —^ A^ is a linear form. 

(iv) J? is locally constant and all its Jordan-Holder subquotients are of the form J^^{f) ®a A, 
where A is the residue field of A and f : E —> A^ is a linear form. 

(v) ^ is locally constant and all its Jordan-Holder subquotients are additive. 

First we prove (i)^>(ii). For every point e e E(k), we have p.4.8p 

(3.7.1) ;?^(^) ~ ^^{^)®^4{e, ». 

If $^ is a cohomology sheaf of diii-^), we have ^ ~ ^ ® ^^{{e, )) for every point e e E{k). 
Let U be an integral locally closed subscheme of E such that ^|/7 is locally constant and not 
zero. It is enough to prove that f7 is a closed point of E. We may assume that A is a field. Let 
tt: V ^ U he a finite etale connected covering such that 7r*(^|{7) is constant. Then for every point 
e 6 E{k), the sheaf 7r*(^^({e, ))|t/) is constant; equivalently, for every linear form f : E —> A\, 
the sheaf J^^{f)\V is constant. So the equation T^ — T = f has a solution in the function field 
k{y) of V. If U is not a closed point of E, there exists a linear form f : E ^r K\ such that 
f\U: U ^f K\ = Spec(fc[t]) is dominant. For all c e k^ , the equation T^ — T = ct has a solution in 
k{V). We obtain infinitely many linearly disjoint extensions of degree p of k{t) contained in k{V), 
which is not possible. So t/ is a closed point. 

Next we prove (ii)^>(iii). By (|3.4.3p . we may assume that the support of S^^(=^) is a point 
i : Spec(fc) —^ E; then it is enough to observe that for any A-module of finite type M , we have 

(3.7.2) r4uM)^M®^^{f), 
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which follows from p.4.811 and (|3.4.4p . 

It is clear that we have (iii)=>(i), (iii)^>(iv)^>(ii) and (vi)=>(v). Finally, since conditions (i) and 
(ii) are equivalent and that the latter is stable by extensions, we have (v)^>(i). 

Definition 3.8. Let X be a fc-scheme, tt: E ^ X a vector bundle of constant rank, tt: E ^ X 
the dual vector bundle, and J? an additive constructible sheaf of A-modules on E. We call the 
Fourier dual support of ,^ the support of 5^0 (^) in E. We say that ^ is non- degenerate if the 
closure of its Fourier dual support does not meet the zero section of E. 

We can make the following remarks : 

(i) If we replace ip by aip for an element a e F^ , then the Fourier dual support of ^ will be 
replaced by its inverse image by the multiplication by a on E. In particular, the notion of being 
non-degenerate does not depend on tp. 

(ii) Let X' be an X-scheme and E' the vector bundle E xx X' over X'. Then the Fourier dual 
support of J^\E' is the inverse image of the Fourier dual support of ^ ([12] 1.2.2.9). 

(iii) Let f : E —> A^ be a linear form, i: X —> E the associated section, M a non zero A-module 
of finite type, and d the rank of E. Then the Fourier dual support of M®^^[—f) is i{X). Indeed, 
by (13X31), (|3Xi)l and (|3X5)) . we have 

(3.8.1) ;?^(Af ®if^(-/)) ^ uM{-d){-2d\. 

(iv) Assume X = Spec(fc) and k algebraically closed. Then ^ is locally constant, and its Fourier 
dual support is the union of the Fourier dual supports of its Jordan-Holder subquotients p.7|) . 



Lemma 3.9. Let f: X' —>■ X be a finite morphism of k-schemes, i:: E ^f X a vector bundle of 
constant rank, E' = E Xx X' , tt' : E' —^ X' and fE'-E'^E the canonical projections, and ^' 
an additive constructible sheaf of A-modules on E' . Then fsit^i^') is additive and its Fourier dual 
support is the image of the Fourier dual support of ,^' . 

By the proper base change theorem, we may assume X = Spec(fc) and k is algebraically closed. 
Then we may reduce the proof to the case where X' is a finite disjoint sum of copies of X, where 
the assertion is obvious. 

Lemma 3.10. Let X be a k-scheme, n: E —>■ X a vector bundle of constant rank, and ^ an 
additive constructible sheaf of A-modules on E. If ^ is non-degenerate then Rtt*^ = Rtti^ = 0. 

It follows from (|3.4.3p , (|3.4.6p and ()3.4.7p (applied to / the zero section of the dual vector bundle 
E oiE imdK' =3^^(^)). 

Lemma 3.11. Let X be a k-scheme, n: E —>■ X a vector bundle of constant rank, ^ an additive 
constructible sheaf of A-modules on E, ^ a constructible sheaf of A-modules on E, and w: ^ ^ J? 
a surjective morphism (resp. v. ^ ^'■'^ an infective morphism). Assume that J? is locally constant 
on all geometric fibers of n. Then .^ is additive and its Fourier dual support is contained in the 
Fourier dual support of'^. 

We may assume X = Spec(A:) and k algebraically closed. Then ^ is locally constant (|3.7p . and 
the assertion follows from 13.71 and I3.8( iv) . 

Lemma 3.12. Let X be a k-scheme, n: E —>■ X a vector bundle of constant rank, G a group 
scheme over X, p: G —^ E an etale surjective morphism of group schemes over X, and .'^ a 
constructible sheaf of A-modules on E. Assume that for every geometric point x of X , p*{^)\Gx 
is constant; then ,'P is additive. 
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We prove first that Pa^ip*-^) is additive. Let a; be a geometric point of X and a e E{x). There 
exists g e G{x) such that p(g) = a. If we denote by Tq (resp. Tg) the translation by a on _E (resp. 
g on G), then 

t:{{p4p*^))\E^) ^ p,{T*{{p*^)\G^)) c. ip4p*^))\E^. 

On the one hand, the adjunction morphism ^ -^ P*{p*'^) is injective and J^ is locally constant 
on the geometric fibers of tt. So ^ is additive bv l3.11l 

Lemma 3.13 ( [21j 2.7). Let X be a normal k-scheme, n: E —^ X a vector bundle of constant 
rank, n: E ^ X the dual vector bundle, U a dense open subscheme of X , ^ a constructible sheaf 
of A-modules on E, and S (^ E the support of^jj;{^). We put Ejj = 7r~^{U), Eu = Tr~^{U), 
Sjj = S n Eu , and denote by j : Ejj —y E the canonical injection. Assume that the following 
conditions are satisfied : 

(i) The adjunction morphism u: ^ ^ J*j*(=^) *s injective. 
(ii) j*{-^) is locally constant and additive. 
(iii) J? is locally constant on all fibers of tt. 

Then ^ is additive and its Fourier dual support S is contained in the Zariski closure Su of Sjj 
in E. Moreover, if ^ is locally constant, then S = Su- 
it is enough to prove that for every x e X, the set Sx = S n Ex is finite and is contained in 
Su (13. 7p . moreover, if JF is locally constant then Sx = Su i^ Ex. We may shrink U. The assertion 
is obvious for the generic points of X; so we assume that x is not a generic point of X. Let 
f : X' ^^ X he a. proper surjective morphism such that X' is normal and U' = f~^{U) is dense in 
X'. Let E' = E xx X\ E' = E Xx X' , fs: E' ^ E and fg: E' ^ E the canonical projections, 
^' = /*(^), and S' c E' the support of S'^-^')- We put E[j = f^^Eu), E'u = Ie^{Eu), 
S'u = S' n E'jj and denote by j' : E[j -^ E' the canonical injection. We have S' = f'^^{S), 

S = /jj(S") and f^iSu) = Su- On the other hand, the adjunction morphism u' : ^' -^ Jii'*('^') 
is composed of 

(3.13.1) .r ^^ /|j*r (^) ^^ j;j'*(^') , 

where v is the base change morphism relatively to f^- Since v is injective bv 12.251 u' is injective. 
Hence, it is enough to prove the assertions after replacing X by X' and a:; by a point x' of X' above 
it. Taking for X' the normalization of the blow-up of X along the Zariski closure of x yh X, we 
are reduced to the case where Gx.x is a discrete valuation ring. 

We may assume X integral. Let r\ be the generic point of X and K = k{r]) the residue field of 
rj. Replacing X by its normalization in a finite extension of K, we may assume that Srj = S n En 
is a finite set of iiT-rational points. After shrinking U, we may assume that every f e S^ extends 
to a linear form on Eu. Then there exist constant sheaves {'^f)f^Sn ^^ ^u such that j*{^) = 
®feS^^i>{f)<S)^f byOand ([6J IX 2.14.1). Let S,,^x ^ Sr, be the subset of elements f e S^ which 
are regular at x. For / e Sjj,x, we denote hy f e Ex its reduction. We claim that 

(3.13.2) J*(^v(/)®^/)|£^x = | "^'^^•^0®^^ if/jfc' 

Indeed, let / e 5,,, i be a geometric generic point of Ex- It follows from ([21j 2.8) that ^^(/) is 
ramified at t if and only if / ^ S^.x- If / e 5^,:^, then j^{.Sf^{f) ®'^f)\Ex = .^^(f) ®^/ by ([6| 
IX 2.14.1). On the other hand, for every geometric point y of Ex and for every specialization map 
t —>y, the specialization homomorphism j*(^)/'(/) ®^/)y ~^ j*{-^i>{f) ®'^f)t is injective (cf. the 
proof of [2211) • Hence 3^{^^{f)®^f)\Ex = if / ^ S^^x- 
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Since JF\Ex is locally constant and the adjunction niorphism u: ^ ^ j*j*{-^) is injective, we 
deduce from p.l3.2p that the Jordan-Holder subquotients of ^\Ex are of the form ^^,[f) ® ^/, 
for some / 6 Sri^x- Hence, ,'^\Ex is additive and Sx cz {f;f e S'^,x} = Sjj i^ Ex by 13.71 and 13. Sf iv). 
Assume that ,^ is locally constant. Then u is an isomorphism ([6J IX 2.14.1), and Sr^^x = S,i as 
the rank of the stalks oi jifj*{,^) is constant. Therefore Sx = {f\f G •S'rj.o;}, which conclude the 
proof of the required assertion. 

Corollary 3.14. Let X be a k-scheme, tt: E —^ X a vector bundle of constant rank, tt: E —>■ X 
the dual vector bundle, and .^ a locally constant, constructible and additive sheaf of A-modules on 
E. Then the Fourier dual support S of .^ is the underlying space of a closed subscheme of E which 
is finite over X . 

Let f: X' ^- X he a, proper surjective morphism, E' = E xx X', E' = E xx X', fs- E' ^>- E 
and fg: E' ^^ E the canonical projections, and S' the Fourier dual support of f*{^)- We have 
S' = f'^^{S) and S = /£;(>S''). First, we take for X' the normalization of X. Since S' is closed in 
E' bv l3.13[ S is closed in E. We denote also by S the reduced closed subscheme of E with support 
S. We prove that S is finite over X. We may assume that X is normal and integral. Let 77 be the 
generic point of X and K = k(ri). Replacing X by its normalization in a finite extension of K, we 
may assume that S,j = S n En is a finite set of iiT-rational points. 

We know (|3.6p that S is quasi-finite over X. It is enough to prove that it is proper over X. Let 
i? be a discrete valuation ring, Y = Spec(i?). and y (resp. k) the closed (resp. generic) point of 
Y . Consider a commutative diagram 

(3.14.1) K ^ > 5* 

p 

Y^^X 

where p is the canonical injection. It is enough to prove that there exists an X-morphism "f.Y^^S 
such that /3 = 7 o p. We may replace X by any normal scheme X' such that a factors as Y —> 

X' -^ X, where / is proper and surjective. Replacing X successively by the normalization of the 
blow-up of X along the Zariski closure oi x = a{y) in X , we may assume that ^x,x is a discrete 
valuation ring. Then the assertion follows from the proof of l3.13l Indeed, with the notation of loc. 
cit., we have S^.x = Sjj because u: ^ ^ j*j*('^) is an isomorphism. 

4. Dilatations 

4.1. Let X be a scheme, u: P ^ X a morphism, Y a closed subscheme of P defined by a quasi- 
coherent ideal ^y of ffp, R a closed subscheme of X defined by a quasi-coherent ideal ^ of i^x 
and Ry = R xxY. 

Ry ^Y ■ 




Let J^ be the ideal of ffp associated to the closed immersion Ry — >■ P; we have ^ = J^y + ^ &p- 
We denote by X' the blow-up of X along R and by P' the blow-up of P along Ry ■ We call the 
maximal open subscheme W of P' where we have ^ Gw = J" Gw the dilatation of P along Y of 
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thickening R and denote it by p(^) (also called the dilatation of Ry in P relatively to R in [5] 2.4; 
see loc. cit. 2.8). There is a unique X-morphism p(^) -^ X' . 

p(R) s- pi s- p 

X' ^X 

Lemma 4.2. We keep the assumptions of (j4.ip and assume moreover that R is a Cartier divisor 
on X and that ^y is of finite type. We put U = X — R and denote by jp : Pu —^ P the canonical 
injection. Then P^^> is affine over P and it corresponds to the quasi- coherent suh-& p-algehra of 
jp^i^Pu) generated by the image of the canonical morphism u*{i)'x{R)) ®ffp ^Y -^ JP^i^Pu)- 

We may assume that X = Spec(^) and P = Spec(i3) are affine, that R is defined in X by an 
equation t e A and that Y is defined by an ideal of finite type Jy of B. Let / be the ideal of 
B generated by Jy and t, and let P' be the blow-up of P along /. Then p(^) is the maximal 
open subscheme of P' where the exceptional divisor li^pi is generated by t. Let ai, . . . , a„ e _B be 
generators of Jy . We put 

t t (ai -t$i,...,a„ -t^„) 

C = C'/CU,,, 

where C^'.^q^ is the ideal of C of elements annihilated by a power of t. Then we have p(^) = 
Spec(C), which implies the assertion. 

4.3. Let X be a scheme, u: P ^ X and g: Q ^^ P morphisms, i-.Y^^P and j : Z ^ Q closed 
immersions and h: Z ^^ Y a morphism such that g o j = i o h; so the diagram 




is commutative. Let i? be a closed subscheme of X and let p(^'i (resp. Q'^^) be the dilatation of 
P (resp. Q) along Y (resp. Z) of thickening R. By the functorial property of dilatations ([5] 2.6), 
there is a canonical morphism 

(4.3.1) g(R) : QiR) ^ p(R) 

lifting g. 

Lemma 4.4. We keep the assumptions of (|4.3p and assume moreover that Z ~Y Xp Q. We put 
Ry = R xx Y and Rz = R xx Z and denote by P' (resp. Q' ) the blow-up of P along Ry (resp. 
Q along Rz). Then : 

(i) There exists a unique morphism g' : Q' —> P' lifting g; we have Q^^' = g'~^{P^^') and g^^' 
is the restriction of g' . 

(ii) If g is flat, the morphism Q' ' —> p(") Xp Q induced by g* ' is an isomorphism. 

Since Rz ^ Ry xpQ, there exists a unique morphism g' : Q' ^ P' lifting g. We know ([5] 2.6) 
that5'(Q(«)) c P(^) and that .g(^) is the restriction of g'. On the other hand, 5'-i(P(^)) <= Q(^) by 
([5] 2.7). Therefore, Q^^^ = g'^^{P^^^), which proves assertion (i). Assertion (ii) is an immediate 
consequence of (i). 
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4.5. Let X be a scheme, u: P ^>- X & separated morphism, a: X ^ P 'a section of u, R an 
effective Cartier divisor on. X^ U = X — R and p(^) the dilatation of P along a of thickening R. 
Then we have a canonical isomorphism 

(4.5.1) P(^' xxU ^ Pu- 

By the universal property of dilatations ([S] 2.7), there exists a unique X-morphism 

(4.5.2) a(«) : X ^ P'^' 

lifting a. 

Lemma 4.6. We keep the assumptions of (J4.5I1 and assume moreover that X is locally noetherian 
and that u is smooth. Then P(^) is smooth over X , and we have a canonical R-isomorphism 

(4.6.1) P(^) XX R^ V(a*(r!^/x) <S)0^ ex{R)) XX R. 

The isomorphism (|4.6.1I) follows from ([5j 3.5). Since i? is a Cartier divisor on X, the isomor- 
phisms (|4.5.ip and (|4.6.ip imply that P'^^'> is flat over X {[1] 1.12.9). Since aU fibers of p(^) over 
X are smooth, p(^) is smooth over X. 

Lemma 4.7. Let X be a locally noetherian scheme, R a Cartier divisor on X, u: P —>■ X and 
v. Q ^ X separated morphisms of finite type and a: X —> P and t: X —>■ Q sections of u and v, 
respectively. We denote by p(^) (resp. Q'' \ resp. (P x^ Qp') the dilatation of P (resp. Q, 
resp. P Xx Q) along a (resp. t, resp. (a, t)) of thickening R. If P or Q is smooth over X , then 
the canonical morphism 

(4.7.1) w: (Pxjf Q)(«) ^P(«) xjf Q(^) 

is an isomorphism. 

We denote by ^p (resp. ^q, resp. ^py.xQ) the ideal of 6p (resp. Gq, resp. Gpy.xQ) defined 
by a (resp. r, resp. (g, r)). Since /p-^^q = Jp^p^^q + ^q^PxxQ^ it follows from[42lthat 
the canonical morphism w ()4.7.ip is a closed immersion. By construction, Pu (resp. Qjj, resp. 
Pu xu Qu) is schematically dense in p(^) (resp. Q(^), resp. (P xx Q)<^)). Since P(^) or Q(^) 
is smooth over X (|4.6p . Pu Xu Qu is schematically dense in P(^) Xx Q^^^. Therefore w is an 
isomorphism. 

4.8. Consider a commutative diagram of morphisms of finite type of locally noetherian schemes 

(4.8.1) 




X ^P ^X 



such that u and v are smooth and separated, u o a = idx and v o t = idy. Let P be a Cartier 
divisor on X such that Ry = P xjf y is a Cartier divisor on Y . We denote by p(^) (resp. Q^^') 
the dilatation of P (resp. Q) along a (resp. r) of thickening R and by 

(4.8.2) gim.Qim^pim 

the morphism induced by g (|4.3.ip . Note that Q^^^ is also the dilatation of y in Q of thickening 
Ry. Let .yyxip and .yVyiq be the conormal bundles of X in P and Y in Q, respectively. Then the 
morphism gi^^' xx R'- Q^^' xx R ^ p(^) xx R can be identified with the morphism 
(4.8.3) V(^/Q (g,ff^ Gy{Ry)) xy Ry -^ Y{,^x/p ®ffx ^x{R)) xx R 

induced by the canonical morphism f*{,yyx/p) — >■ --^y/Q (15J 3.4). 
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Lemma 4.9. We keep the assumptions of (|4.8p . and assume moreover that g is smooth and that 
f is an isomorphism. Then g^^> : Q^^' —> p(^) is smooth. 

Observe first that P(^) and Q(^) are smooth over X (gH). We put U = X - D. Then 
g^' xx U = gu, which is smooth by assumption. On the other hand, g'^^' xx R is the morphism 
of vector bundles over R induced by the canonical morphism .y^x/p — *■ ^x/Q (|4.8.3p . Since the 
latter is locally left invertible, g^-'^) x^ R is smooth. Then the assertion follows from ([12J 17.8.2). 

5. Frames and strict normal crossing pairs 

5.1. In this article, a monoid stands for a commutative monoid. If M is a monoid, we denote 
by MSP the associated group, by M^ the group of units in M and by M the orbit space M jM^ 
(which is also the quotient of M by M^ in the category of monoids). We say that a monoid M 
is integral if the canonical homomorphism M -^ M^p is injective, that M is fme if it is finitely 
generated and integral and that M is saturated if it is integral and equal to its saturation in M^p 
(i.e., equal to {m e M^P;m" e M for some n ^ 1}). If a monoid M is integral, M is integral. We 
say that a homomorphism of monoids u: AI ^ N is strict if the induced morphism u: AI ^^ N is 
an isomorphism. We denote by Mon the category of monoids and by Monfg the full subcategory 
of fine and saturated monoids (usually called fs- monoids for short). 

5.2. A pre-logarithmic structure on a scheme X is a pair (.y#,a) where ^ is a sheaf of abelian 
monoids on the etale site of X and a is a homomorphism from ^ to the multiplicative monoid i^x ■ 
A pre-logarithmic structure (.^, a) is called a logarithmic structure if a induces an isomorphism 
a^^{^^) ^ 6^. Pre-logarithmic structures on X form naturally a category, containing the 
full subcategory of logarithmic structures on X. The canonical injection from the category of 
logarithmic structures on X to the category of pre-logarithmic structures on X has a left adjoint. 
It associates to a pre-logarithmic structure (<?^,/3) the logarithmic structure (^,a), where ^ is 
defined by the following co-cartesian diagram. 

(5.2.1) /3-'(^x) ^^ 



We say that (.^,0;) is the logarithmic structure associated to (^,/3). 

If / : X ^ y is a morphism of schemes and (^, a) is a pre-logarithmic structure on Y , the sheaf 
of monoids f~^{^) equipped with the composed homomorphism f~^{^) -^ f~^{^Y) —>■ ^x is 
a pre-logarithmic structure on X called the inverse image of [.M^a) and denoted by /~^(.^,a). 

5.3. A logarithmic scheme is a triple (X, ^jcajf), usually simply denoted by (X, ^x) or even 
by X, consisting of a scheme X and a logarithmic structure (^x, ax) on X. Logarithmic schemes 
form a category; we refer to [M] for more details. If (X, ^x,ax) is a logarithmic scheme, we denote 
by ^^ the sheaf of units in ^x, by ^^ the sheaf associated to the presheaf U h^ r(t/, ^xY^ 
and by ^x the sheaf associated to the presheaf U h^ r([/, ^x)/^{U, ^x)^ (which is the quotient 
of ^x by ^^ in the category of sheaves of monoids). Observe that ax identifies ^^ with ff^. 

We say that a morphism of logarithmic schemes /: (X, .^x,ax) -^ {X,-^y,<^y) is strict if 
(.y#x,ax) is the logarithmic structure associated to the pre-logarithmic structure f~^{^Y,aY) 
on X, or equivalently if the canonical morphism /"^(^y) -^ .Mx is an isomorphism. 

We say that a logarithmic scheme (X, ^x,ax) is integral (resp. fine, resp. saturated) if for 
every x € X, there exists an etale neighbourhood U oix in X such that {.y^x\U, ax\U) is associated 
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to a pre-logarithmic structure {Pu, /?) on U, where Pu is a constant sheaf of monoids on U of value 
an integral (resp. a fine, resp. a saturated) monoid P. If {X, ^x, ax) is integral (resp. saturated), 
the monoid T{X,^x) is integral (resp. saturated). If {X,^x,<^x) is integral (resp. fine), for 
every geometric point x of X , the monoid ^x;x is integral (resp. fine). 

5.4. Let M be a monoid and X a logarithmic scheme. We denote by i?[M] the scheme Spec(Z[M]) 
equipped with the logarithmic structure induced by the pre-logarithmic structure M —> Z[M] 
(denoted by S[M] in |16J §4.1), and by Mx the constant sheaf of monoids on X of value M. Then 
the following data are equivalent (and will be identified in what follows) : 

(i) A homomorphism M -^ T{X,^x)', 

(ii) A homomorphism Mx —^ ^x! 

(iii) A morphism of logarithmic schemes X — >■ i?[M]. 

Moreover, the following conditions are equivalent : 

(a) ^x is associated to the pre-logarithmic structure induced on Mx- 

(b) The morphism X -^ B[M] is strict. 
We say then that M is a chart for X. 

5.5. We denote by LS the category of fine and saturated logarithmic schemes (usually called 
fs-logarithmic schemes for short) and by LS the category of presheaves of sets over LS. Since the 
canonical functor LS -^ LS is fully faithful, we will identify the objects of LS with their canonical 
images in LS. Fibred products are representable in the category LS. For morphisins X —>■ S and 
y ^- S" of LS, we will denote by X x g^ Y the fibered product in the category LS and reserve the 
notation X xsY for the fibered product of the underlying schemes. To avoid any risk of confusion, 
we will usually use the same notation for fibered products in LS (but not for products as there is 
no risk of confusion). 

5.6. We have a functor 

(5.6.1) Mo<^LS, M ^ B[M]. 

Let g: N ^ M and g' : N ^ M' be two morphisms of Monfs. We denote by AfSP ©jvgp M'sp the 
cokernel of the homomorphism 5«p - g'sP : TVSp -^ Af sp @ M'sp and by M @5^* M' the saturation 
of the image of the canonical homomorphism M x M' -^ A/sp ©x^p M'sp [M ®^* M' is the 
amalgamated sum of g and g' in Monfs). Then we have a canonical isomorphism in LS 

(5.6.2) B[M ®^/ A/'] ^ B[M] x^^|^j B[M']. 
Consider a commutative diagram of LS 

(5.6.3) X ^Y^ X' 



B[M] ^ B[N] -^ B[M'] 

where the vertical arrows are strict and the lower horizontal morphisms are induced by g and g' . 
Then we have a canonical isomorphism of the underlying schemes 

(5.6.4) X x^s X' ^ {X xy X') Xb^m-^m-] B[M ®^* M'] 

and X Xy^ X' is strict over B[M @5^* M'\ 
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5.7. Following ([16] 4.1.1), we denote by 

(5.7.1) Mo< ^ LS, M^ [M], 

the functor defined, for a fine and saturated monoid M and X 6 Ob(LS), by 

(5.7.2) [M]{X) = Hom(M,r(X,^x)). 

We denote by MLS the following category. Objects of MLS are triples (X, Af, u), where X e 
Ob(LS), M is a fine and saturated monoid and u: X ^r [Af] is a morphism of LS. Let {X,M,u) 
and {Y,N,v) be two objects of MLS. A morphism from {X,M,u) to (Y.N^v) is a pair (/, g) 
made of a morphism / : X — > y of LS and a homomorphism of monoids g: N —^ M such that the 
diagram 

(5.7.3) X — ^ [M] 

[9] 

is commutative. An object (X, M, u) of MLS is called a framed logarithmic scheme (and (Af , u) 
is called a frame on X) if for every geometric point x oi X , there exists an etale neighbourhood U 
of X in X such that the morphism U -^ [M] induced by u factors as C/ ^ S [M] -^ [Af ] , where v 
is a strict morphism and w is the canonical morphism f |16| 4.1.2); we say also that u is strict. 

Proposition 5.8 ([l6] 4.2.1). Letg: N ^ M bea morphism of Moufs such that g^^ : N^p -^ Afs? 
is surjective. Then : 

(i) The morphism [g]: [Af] —>■ [N] is representahle, log etale and affine, i.e., for every X e 
Ob(LS) and every morphism u: X —> [N], the fibre product X x |-'jl|, [Af] is representable by an 
object o/LS which is log-etale and affine over X . 

(ii) Let M be the inverse image of M by g^^ : N^^ —^ Af sp . Then the canonical morphism 
[M] -^ [Af] is an isomorphism, and for every morphism u: X —>■ B[N], the canonical morphism 

(5.8.1) X x'^l^j B[M] ^ X x;°^Sj [Af] 

is an isomorphism. 

5.9. Let X, Y, S be objects of LS, Af a finitely generated and saturated monoid and X ^ S x [Af] 
and Y ^^ S X [Af ] two morphisms of LS. We will denote such a diagram hy X,Y ^ S x [Af ] and its 
projective limit by X xj"^ „ „ Y. Let /i : Af x Af ^- Af be the multiplication and ii,i2'- M ^>- M xM 
the homomorphisms defined by ii{m) = {m, 1) and i2{m) = (l,rn). Since the diagram 

(5.9.1) Af — ^r Af X Af — ^ M 

is co-exact in the category of monoids (i.e., fi is the cokernel of the pair of morphisms zi and 12), 
the diagram 

(5.9.2) ^X5x[M]^ -M 

M 
X x^°^ Y ^^^^^ [M X M] 
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where u x v is induced by u and v, is cartesian in LS. 

Corollary 5.10 ([Mj 4.2.3). For every diagram X,Y ^ S x [M] o/LS, X x^°l^^j^ Y is repre- 
sentable by an object o/LS, which is log-etale and affine over X x g^ Y. 

Proposition 5.11 ([16J 4.2.5). Let g: N —^ M be a homomorphism of finitely generated and 
saturated monoids, X, Y and S objects o/LS and 

(5.11.1) X ^S^ Y 



[M] -^ [N] J^ [M] 

a commutative diagram. Assume that X -^ [M] and S —>■ [N] are strict. Then the canonical 
projection X x °^ r. ,-, Y —> Y is strict. 

Corollary 5.12. Under the assumptions of (|5.11[) . if moreover X —>■ S is log-smooth, then the 
canonical projection X x 



Sx[M] 



Y —> Y is strict and smooth. 



It follows from l5.l01 and [??TT] as X x °^ rj^,„ 



y ^ y is composed of X x 



log 
Sx[M] 



Y 



Xx'°^Y 



Y. 



5.13. Let {X, M, u) be an object of MLS and Y ^^ X ^ S two morphisms of LS. Then we can 
form a diagram X,Y ^ S x [M] , and the canonical morphism 



(5.13.1) 



X X 



log 



Y 



(^ ^Sx[M] 



X) x^s Y 



" S X [M] 

is an isomorphism. In particular, if the morphism X ^ S can be extended to a morphism of 
framed logarithmic schemes {X, M, u) -^ (S, N, v), then the canonical morphism of the underlying 
schemes 



(5.13.2) 



X X 



log 

Sx[M] 



Y 



(^ ^Sx[M]^) 



X)xxY 



is an isomorphism, and X Xg^iMi ^ ^^^ strict over Y ()5.1ip . 

5.14. Let {X, M, u) and {Y, N, v) be two objects of MLS, X ^ S and Y ^ S two morphisms of 
LS and g: M ^>- N a. homomorphism; so we can form a diagram X,Y ^ S x [Af ] . We denote by 
6: M X N —>■ N the homomorphism defined by 9(m,n) = g(m) ■ n. Since the diagram 



(5.14.1) 



M X M- 

idxg 

M X N- 



-^M 



-^ N 



is co-cartesian in the category of monoids, the diagram 



(5.14.2) 



X x'°s Y ■ 



i^o- uxv 

X x^Y 



[TV] 

m 

^ [M X N] 



where w is the composed morphism X x°^ r , ,-, Y ^> Y ^ [iV] , is cartesian in LS 



Sx[M] 
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5.15. Let {f,g) : {Y,N,v) -^ {X, M,u) be a morphism of MLS and /i: X — > S* a morphism of LS; 
so we have the following commutative diagram. 



(5.15.1) 



Y^^[N] 



f 



[9] 

X -^^ [M] 

h 
" 

s 

Then the canonical projection pij : X x °^ r.,, Y —>■ Y induces an isomorphism 

(5-15-2) Y x'°l^^^ (X x'-j,,j Y)^Y x'-^^j Y 

Indeed, the commutative diagram 



(5.15.3) 



Y X 



log 
Sx[N] 



Y 



pt'i 



Y- 



fxv 



X X 



log 
Sx[M] 

idxf 



Y 



^X x[N] 



defines the inverse. 



5.16. Let X be a regular noetherian scheme, D a normal crossing divisor on X , U = X — D and 
j : U ^ X the canonical injection. There is a canonical fine and saturated logarithmic structure 
{^DjCid) on X defined by ^d = Gx ^ji^^eu) J*{^u')- ^^ denote {X,^D,aD) by X\ogD- The 
sheaf ^D is canonically isomorphic to the sheaf ^^^(^luj^) of effective Cartier divisors on X with 
support in D. Assume that D has simple normal crossings, and let Di . . . ,Dm be the irreducible 
components of D. We denote by Af^ the free abelian monoid generated by Z?i, . . . , Dm. Then the 
canonical morphism ud '■ ^logD -^ [Mo] defines a frame on X. 

5.17. A strict normal crossing pair over k (or an snc-pair over k for short) stands for a pair (X, D) 
where X is a smooth fc-scheme and Z? is a simple normal crossing divisor on X. Let (X,D) and 
(Y, E) be two snc-pairs over k. A morphism / : {Y, E) -^ (A", D) is a fc-morphism f -.Y ^ X such 
that the support of f~^{D) is contained in E. We denote by SNCP/j the category of snc-pairs 
over k. We have a canonical functor 



(5.17.1) 



SNCPfc ^ MLS, (X,D) ^ (Xi,gD,MD,UD) 



where Xiog d , Mu and ud are defined in (|5.16p . We say that a morphism / : (Y, E) 
of snc-pairs over k is log-smooth (resp. log-etale) if the associated morphism YiogB — 
log-smooth (resp. log-etale). 



- (A, I?) 

AiogD is 



Lemma 5.18. Let /: (X',D') —>■ (X,D) be a log-smooth morphism of snc-pairs over k such 
that the morphism of the underlying schemes X' —^ X is flat, x 6 /(A') c A and Di, . . . , £)„ 
the irreducible components of D containing x. Then there exists x' 6 A' contained in exactly 



n irreducible components D[ , . 
1 ^ i ^ n. 



.,D'^ of D' such that f{x') 



id D'j^ dominates Di for all 
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We may shrink X, so we may assume that the irreducible components of D are Di, . . . , Dn- 
Let y' 6 X' such that f{y') = x. Since / is fiat, for each 1 ^ i ^ n, there exists an irreducible 
component D' of D' containing y' and dominating Di. We put Y = ni<i<ri ^* ''^^^'^ ^' ~ ni<j<n ^'i 
and denote hy g: Y' ^ Y the restriction of /. We equip Y' with the strictly normal crossing divisor 
E' defined by the irreducible components of D' different from D[, . . . , D'^. We have the following 
canonical commutative diagram of ^y/-modules with exact lines. 



(5.18.1) 



0- 



■aH^'y;,) 



0- 



Y/k' 



^'Y-/k(^OgE') 



^9*i^x/ki^ogD)<S)ff, 



9* (res) 



'■X/k 



^n]^,^,^(logD')(S)e^^, Gy, 



■0 



■0 



Therefore, the morphism 5*(ri^,j,) — > fJy, ,^,(log£") is injective and its cokernel is locally free. 
Then the morphism of snc-pairs (!"',£'') -^ {Y^0) induced by g is log-smooth ([T3] 3.12), which 
implies that g is smooth (in the usual sense) and that E' is a strict normal crossing divisor on Y' 
relatively to Y ([I^ 3.5). In particular, Y!^ is smooth over k{x) and E'^ is a divisor on Y!^. Hence, 
there exists x' e Y^ — E'^. 

Lemma 5.19. Let f : (X"'",D"'") -^ iX,D) andg: {X',D') -^ {X,D) be two morphisms of snc-pairs 
over k and x' e X'. Assume that g is log-smooth, that the morphism X' —> X is flat and that 
f{x^) G g{X'). Then there exists a commutative diagram of snc-pairs over k 



(5.19.1) 



/' 



{Xi,Di)-^^{X',D' 



{X^,D^)^-^{X,D) 



such that g^ is log-smooth, that the morphism X^ — > X^ is flat and that a;' 6 g^{X^). Moreover, if 
f is log-smooth, then we can choose (X^,D^) such that /' is log-smooth. 



We denote by ^, .J(' and .^^ the sheaves of monoids over X, X' and X'^ defined by the divisors 
D, D' and D^ respectively; we use the notation of §[5] Let x^ be a geometric point of X"^ above x\ 



M' 



and M^ = J^. 



X = f{x^) and x' a geometric point of X' above x. We put AI = , 
By 15.181 we may assume that the following condition is satisfied : 

(Ci) The canonical homomorphism u: M ^ M' induces an isomorphism M^p^^Q ^ M'^^®zQ. 
and M is the inverse image of M' by the morphism u^p ; tv/sp -^ M'^p. 

Replacing X' by an etale neighborhood of x' , we may assume that the following condition is 
satisfied : 

(C2) The divisors D' and g*{D) have the same support. 

Let N be an integer annihilating the cokernel of m^p. We put Q = (Af''')sP x M^ and denote 
by q: A/''' -^ Q the morphism defined by i h^ {t,t-^). Replacing X''' by an etale neighborhood 



of x\ we may assume that there exists a chart X^ -^ B[M^]. We put Xi = X^ 



"B[Mt] 



B[Q]. 



Then Xi -^ X"^ is log-smooth and the underlying morphism of schemes is faithfully flat. Hence, 
by replacing X^ by Xi, we may further assume that the following condition is satisfied : 

(C3) The canonical homomorphism u''' : M ^ Af''' factors as M -^ M' -^ Af'''. 

Under assumptions (Ci), (C2) and (C3), we put Xi = X^ x^°^X'. The saturation A/t®|f AT' of 
the amalgamated sum of A/''' and M' over Af , is equal to Af 'f (15. 6p . Hence, the canonical projection 
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g^ : X^ -^ X"^ is strict. Since g^ is log-smooth, the underlying morphism of schemes is smooth. Let 
D^ be the inverse image of I?''' by g"^ . Then the logarithmic structure on X^ is induced by D^. On 
the other hand, X^ is the normalization of X''' xx X'. Hence X^ -^ X'f x^ X' is surjective. The 
first assertion is proved, and the second one is obvious from the definition of X^. 

5.20. Let {X,D) and {Y,E) be two snc-pairs over k and g: Md — >■ Me a homomorphism of 
monoids (|5.f7p ; so we can form the diagram XiogDj^iogB =t Spec(A:) x [M^i]. We call the g- 
framed product of (X, D) and (Y, E) over k and denote by X ^k,g Y the logarithmic scheme 

(5-20.1) X *,,, Y = X,,,n Xs'.c(k).[M^] Yio^e- 

We know that the canonical morphism X ^^.g Y -^ XiogD x^^ YiogE is log-etale (|5.10|l and that 
the second projection X ^k,g Y ^^ Y is strict and smooth (|5.12p . Observe that Xiog^i x^°^ Y\ogE 
is the logarithmic scheme associated to the snc-pair (X XkY, pj:*{D) + pr|(i?)). 

5.21. Let / : {Y, E) — >■ {X, D) be a morphism of snc-pairs over k. Then / induces a homomorphism 
of monoids g: Me, — >■ Me- We call the J -framed product of {X, D) and (F, E) over k and denote 
by X ^kj Y the logarithmic scheme X ^k,g Y (|5.20.ip : we omit / from the terminology and the 
notation if there is no risk of confusion. Li particular, we call X ^k,id ^ the framed self-product of 
(X, D) over k and denote it simply by X ^^ X. 

There is a canonical morphism 

(5.21.1) If-Yi^gE^X^kjY 

called the framed graph of /. The framed graph of the identity 5: X ^ X ■^kX is called the framed 
diagonal of {X^D). 

The formation of X ^kj Y is functorial in /. In particular, we have canonical morphisms 

(5.21.2) r^,,r^x*fer^x*feX 

We put f = f2 ° fi- By (|5.13.2p . the canonical morphism of the underlying schemes 

(5.21.3) X^kY^{X^kX)xxY 

is an isomorphism. 

Proposition 5.22. Let (X,D) be an snc-pair over k and Di, . . . ,D„i the irreducible components 
of D. For \ ^ i ^ m, let J?; be the ideal of the closed subscheme Di Xj. Di of X x^. X , and let 
{X Xfc xy be the blow-up of X Xf^ X along the ideal Yli<i<m'^i- Then X ^k X is canonically 
isomorphic to the open subscheme Z of {X Xf^X)' complementary to the strict transforms of Dx^X 
and X Xk D. 

Let V = Spec(A) and W = Spec(i3) be affine open subscheme of X such that for all 1 ^ i ^ m, 
Di\V (resp. Z?i|M^) is defined by an equation ti e A (resp. Si e B). The inverse image oi V XkW 
in Z is the affine scheme of the ring 

.5 22 1) A®kB[u±\...,u^^] 

(tj ® 1 - u,; ■ 1 ® Si (1 ^ i ^ m)) ■ 

Hence, Z equipped with the exceptional divisor E is an snc-pair over k. By construction, for all 
1 ^i ^ m, the ideals pT*{ffx{—Di))ffz and pr*{ffx{—Di))^z are equal and invertible. Therefore, 
the canonical morphism Z —^ X Xj^ X lifts to a morphism Z ^ X ^k X, which is an isomorphism 
as it can be easily checked from the local description (|5.22.ip . 
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Remarks 5.23. We keep the assumptions of ()5.22|) . 

(i) The universal property of X ^k X can be restated without logarithmic geometry as follows. 
Let (p: Y ^ X Xk X he a morphism such that for all 1 ^ i ^ m, the ideals pr*(i^x(— -Di))i^y and 
pr|(^x(— ^i))|^y are equal and invertible. Then there exists a unique morphism -0: Y ^>- X :^k X 
lifting (p. 

(ii) Let U = X — D. Then, with the conventions of l2.61 we have canonical isomorphisms 

(5.23.1) t/ XX (X *fe X) ~ t/ Xfe (7 ~ (X ^fe X) XX U. 

(iii) The canonical projections X -^^k X ^^ X will be denoted also by prj^ and prj; they are 
smooth. The framed diagonal 5: X ^y X -Jfi^ X is a. regular closed immersion with conormal bundle 
canonically isomorphic to the sheaf of logarithmic differentials Vt\(\ogD) ([TB] 4.2.8). 

Proposition 5.24. Let f : {Y,E) -^ (X,D) be a log-smooth (resp. log-etale) morphism of snc-pairs 
over k. Then the canonical morphism Y ■:^i~Y ^ X ^^^Y is smooth (resp. etale). 

By (|5.15.2p . the canonical morphism 

(5.24.1) r *. r - riogs XxL.x[a/,] (^ ^>^ y) 

is an isomorphism. Therefore Y ^k Y is log-etale over Y\ogE Xx^ {X ^k Y) (|5.10p . Hence 
Y ^kY ^' X :^kY ^s log-smooth (resp. log-etale). Since the second projections Y ^kY ^ Y and 
X ^kY ^ Y are strict, Y ^kY ^ X ^kY is smooth (resp. etale). 

5.25. Let (X, D) be a snc-pair over k and Z?i, . . . , Dm the irreducible components of D. A rational 
divisor on X with support in D is an element R = Xii=i "i^i^i of the Q-vector space generated by 
Di, . . . , Dm- We say that R is effective if r^ ^0 for all i, and that R has integral coefficients if r^ 
is integral for all i. We call generic points of R the generic points of the DiS such that r^ =|= 0. For 
every integer n ^ 0, we denote by [ni?J the divisor '^i^iYnri\Di on X, where [nr^J is the integral 
part of nri. If R and R' are two rational divisors on X with support in _D, we say that R' is bigger 
than R and use the notation R' ^ Rii R' — R is effective. If / : (F, E) — >■ (X, D) is a morphism of 
snc-pairs over k and R is an effective rational divisor on X with support in D, we can define the 
pull-back f*{R) as a rational divisor on Y with support in E. 

5.26. Let (X,D) be a snc-pair over /c, R an effective rational divisor on X with support in D, 
u: P ^ X a smooth separated morphism of finite type and s: X ^ P a section of u. We put 
U = X — D, and denote hy j : U ^ X and jp : Pjj -^ P the canonical injections and by ^x the 
ideal of X in P. We call dilatation of P along s of thickening R and denote by p(^) the affine 
scheme over P defined by the quasi-coherent sub-i^p-algebra oi jpsf{ffpu) 

(5.26.1) Y^u'{ex{[nR\))-,f^. 

This notion extends the one introduced in 14.11 if R has integral coefRcients (cf. 14. 2p . We have a 
canonical isomorphism 

(5.26.2) P(^) xxU ^ Pu- 

The image of the algebra (j5.26.ll) by the surjective homomorphism jp^i^p^) —>- s^j^(i^u) is 
canonically isomorphic to s^(i^x)- Hence we have a canonical section 

(5.26.3) s(^) : X -^ p(^) 
lifting s. 



RAMIFICATION AND CLEANLINESS 33 

Let R' be another rational divisor on X with support in D such that R' ^ R. Then for every 
71 ^ 0, there is a canonical injection 6'x{YnR\) -^ ffx{\nR'\). We deduce a canonical P-morphism 

(5.26.4) P(«'' ^ P(^) 

that fits into the following commutative diagram. 

(5.26.5) 




Proposition 5.27. We keep the assumptions of (|5.26p . moreover, let A be an integer ^ 1 such 
that XR has integral coefficients, X^^> the X-th infinitesimal neighbourhood of s: X —> P, and P^ 
the dilatation of P along X^^' of thickening XR in the sense of (|4.ip . Then P(^) is canonically 
isomorphic to the integral closure of P^ in Pjj . 

Recall (|4.2p that P'f is the affine scheme over P defined by the quasi-coherent sub-i^p-algebra 
of jp*(^P[/) generated by the image of the canonical morphism u*{ffx{^R)) ■ -^x ~^ Jp*{^Pu)- 
Therefore, there is a canonical integral P-morphism p(^) -^ P'f extending the identity of Pjj- To 
prove the proposition, it is enough to show that p(^) is normal. We put R' = XR. The canonical 
morphism p: p(^' ^ P is an isomorphism above u^^{X — R'), and p{P^^^ Xx R') <^ s{R'). Then 
piR) is normal at all points above P — s{R'). Hence, it is enough to prove that p(^' is normal at 
s{x) for X 6 R'. 

By the Jacobian criterion of smoothness, there exists an open neighborhood V of s{x) in P and 
sections gi, ■ ■ . ,gm £ ^{V, J^x) such that gi, ■ . ■ ,gm generate J^x at s{x) and dgi, . . . , dgm generate 
^p/x ^* s{x). Let g: V ^ A^ be the X-morphism defined by gi, . . . ,gm,- Then g is etale at s{x) 
by ([E] 17.11.1). After shrinking V , we may assume that s{X) n V coincides with the inverse 
image by g of the zero section of A^. Hence, we are reduced to the case where P = A^ and s is 
the zero section. By shrinking X, we may further assume that there exists a smooth morphism 
X ^ A^ such that D is the pull-back of the union of the coordinates hyperplanes of A^ . Hence, we 
are further reduced to the case where X = A^ and D is the union of the coordinates hyperplanes. 

We denote by M the free monoid N"* with basis Ti, . . . ,Td, and by N the free monoid N™ 
with basis Td+i, . . . , T^+m- We identify X with Spec(fc[M]) and let / = Yli^i ^f ' be an equation 
defining the divisor XR on X. Let H be the submonoid of M^p x N generated by Tj for 1 ^ z ^ d 
and Tj^// for d -|- 1 ^ j ^ d -|- m. We denote by H''''*' the saturation of H and by cr : iV ^ N the 
homomorphism sending T^+i, . . . , Td+m to 1. Then H^'^^ is the submonoid of M^p x iV of elements 
(a, /3) such that if we write a = (ai, . . . , ad) &U^ = M^^, we have for all 1 ^ z ^ d, 

(5.27.1) Xai+a,a(P)^0. 
Therefore, we have 

(5.27.2) W' =U{{a,(3)e M^p x N ; a ^ [nR\ and cr(/3) = n}, 

where R is considered as an element of A/sp g)^ Q. Hence, we have a canonical isomorphism 
P(^' ~ Spec(A:[i?'"'']), and p(^) is normal as iJ'''"' is saturated. 

5.28. Let /: {Y, E) -^ {X, D) be a morphism of snc-pairs over k,U = X— D,V = Y — E,Ra. 
rational effective divisor on X with support in D and Ry = f*{R). Let u: P ^ X and v. Q ^'Y 
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be smooth separated morphisms of finite type, s: X ^ P a, section oi u, t: Y ^ Q a, section of v 
and g: Q —^ P a, morpliisni such that the diagram 

(5.28.1) 




^P ^X 



is commutative. We denote by P^^^ (resp. Q^^^)) the dilatation of P (resp. Q) along s (resp. 
t) of thickening R (resp. Ry) and by s^^^ : X -^ P(^) (resp. i(^^): Y -^ Q(^^)) the canonical 
lifting of s (resp. t). Let J^x be the ideal of X in P, J^y the ideal of F in Q and jp : Pjj -^ P and 
JQ '■ Qv —>- Q the canonical injections. The morphism g induces a homomorphism of ^^g-algebras 

(5.28.2) 5V*(^Pa)^jQ*(^Q.). 

We have g*{yx)^Q <= ^y and f*{[nR\) ^ [nRy\ for every n ^ 0. Therefore, (|5.28.2I1 induces a 
homomorphism of ^g-algebras g*(i^p(R)) —>■ ^qch^,), and hence a morphism 

(5.28.3) gW : QiR^) ^ piU) 
lifting g. We clearly have 

(5.28.4) 5(«)oi(«-)=s(«'o/. 

If R has integral coefficients, g^^^f is the morphism defined in ()4.8.2p . 

Proposition 5.29. We keep the assumptions of (I5.28P and assume moreover that Q = P Xx Y 
and g and v are the canonical projections. Then Q'-^^i is the integral closure of P'-^' XpQ in Qv- 

Let n be an integer ^ 1 such that uR has integral coefficients, X^"^ (resp. y(")) the n-th 
infinitesimal neighbourhood of s (resp. t), and P^ (resp. Q^) the dilatation of P along X'"' (resp. 
Q along y("') of thickening uR in the sense of (|4.1I) . We denote by F (resp. G) the inverse image 
of nR in X(") (resp. y(")) and by P' (resp. Q') the blow-up of P (resp. Q) along F (resp. G). 
Since y(") - X(") xp g, 5 lifts to a morphism g' : Q' ^ P' and we have Qt = g'-i(pt) g;3]). Let 
gf: Qf -^ Pf be the restriction of g' . Bv [5?27[ P(^) (resp. Q(^^)) is the integral closure of P^ 
(resp. Q^) in Pjy (resp. Qy). It is clear that the canonical morphism g(^) : Q(^^) ^ p(^) (|5.28.3p 
is induced by g'''. The morphism Q' —> P' xp Q induced by g' is a closed immersion ([5J 2.5). 
Therefore, the morphism Q^ —> P^ xp Q induced by g''' is a closed immersion, and the integral 
closures in Qy of Q^ and P^ xp Q are isomorphic. The proposition follows because the integral 
closures in Qy of P^^^ xp Q and P^ Xp Q are isomorphic. 

Proposition 5.30. We keep the assumptions of (j5.28p and assume moreover that g is etale and 
that f is an isomorphism. Then g^^' : Q^^> —> P^^> is etale. 

Let n be an integer ^ 1 such that nR has integral coefficients, X^"' (resp. y(")) the n-th 
infinitesimal neighborhood of s (resp. t), and P^ (resp. Q^) be the dilatation of P along X^"' 
(resp. Q along y(")) of thickening nR in the sense of (|4.ip . We prove first that the morphism 
g^ : Q^ ^>- P^ induced by g is etale (|4.3.ip . Since g is etale, y(") is an open and closed subscheme 
of Z = X^"' XpQ. Let Qi be the dilatation of Q along Z of thickening nR. Then the canonical 
morphism Q^^ — >■ Q^^ is an open immersion. Since the morphism g^ : Q^ —> P^ induced by g is etale 
bv l4.4r iii). g^ is etale. On the other hand, bv l5.271 p(^' (resp. Q^^') is the integral closure of P''' in 
Pu (resp. Q^ in Qv), and g^^^ is induced by g^ We deduce that the morphism Q^^^ —^ P(^' XptQ^ 
induced by g^^> is an isomorphism, which implies that g'-^' is etale. 
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5.31. Let (X, D) be an snc-pair over k, U = X — D and R an effective rational divisor on X with 
support in D. We consider X 5}:^ X as an X-scheme by prj, and denote hy S : X ^^ X ^k X the 
framed diagonal of {X, D) and by [X ^^ X)'^^^ the dilatation oi X -^i^ X along 5 of thickening _R 
(|5.26p . We can make the following remarks : 

(i) If we consider X s}:^ X as an X-scheme by pr^^ instead of prj, then the dilatation oi X ■:^k X 
along 5 of thickening R is equal to {X ■:^k X^^h In particular, the automorphism oi X ^}; X 
switching the factors induces an isomorphism 

(5.31.1) a: (X*feX)(«)^(XM.feX)(^). 
(ii) There is a canonical morphism 

(5.31.2) (5(^) -.X^iX^k XY"'^ 
lifting (5, and a canonical open immersion 

(5.31.3) j^"'>:UxkU^{Xt^kXY^'\ 

(iii) If R has integral coefficients, then the canonical projections {X ^k X)^-^^ — >■ X are smooth 
(|4.6I1 and we have canonical /^-isomorphisms (|4.6.ip 

(5.31.4) R XX (X ^k Xy^^^ ^ Y{Q],^^(logD) ®^^ i^x{R)) xxR^{X ^k X)^"^^ Xx R- 

5.32. Let /: {Y, E) -^ {X, D) be a morphism of snc-pairs over k, U = X-D,V = Y-E, R 
a rational effective divisor on X with support in D and Ry = f*{R). We have a commutative 
diagram 



(5.32.1) 



¥■■ 



Y ■ 



-^X 



Sy 



If 



^X^kY 



^X i^kX 



where /i and /2 are the morphisms defined in (|5.21.2p . 5x and Sy are the framed diagonals and 
7j is the framed graph of /. We put / = f2 ° fi- We consider Y ^k Y and X ^k Y a.s Y- 
schemes and X ^kX as an X-scheme by the second projections. We denote by (Y ^k F)^^^' (resp. 
{X ^k y)(^'^)) the dilatation of Y ^kY (resp. X ^k Y) along Sy (resp. 7/) of thickening Ry, 
and by (X ^^ XY^^ the dilatation oi X :^k X along 5x of thickening R. Then we have canonical 
morphisms 



(5.32.2) 



Y- 



Y 



^ X 



A^y) 



(y *fey)(^^) 



/; 



(Ry) 



(Ry) 



f(n) 



(X'^kY)(^^)^^{X'^kX) 



(fi) 



ARy 



AR) 



where /{ ^ and /2 are defined in (|5.28.3p and the vertical morphisms are the canonical liftings 
of the vertical morphisms in (|5.32.ip ; we have /(^) = H ° /i ^ • 

Since the canonical morphism X ^k Y ^ {X ^k X) xx Y is an isomorphism ()5.21.3p . the 
morphism /j is described by the proposition 15. 291 



Proposition 5.33. We keep the assumptions of (|5.32p . 
(i) // / is log-etale, then the morphism 

(5.33.1) /l^^) : (F *fc r)(^^) ^ (X ^k Y)^^^^ 
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is etale. 

(ii) // / is log-smooth and if Ry = f*{R) has integral coefficients, then the morphism /| '^' is 
smooth. 

(i) Indeed, /i is etale by 15.241 and hence /} ^' is etale by 15.301 

(ii) Indeed, /i is smooth by 15.241 and hence /-[ ^' is smooth by 14.91 

5.34. Let {X, D) be an snc-pair over k. We put 

(5.34. 1) X ^kX ^uX = Xiog D X s°poc(fc) X [Mo] ^l°g D X spcc(k) X [Mn] ^l°g ^ ' 

We denote by prj : Xt-kX^kX -^ X {I ^i ^3) and pr ^^ : Xt-kX^kX -^ X^kX (1 ^ i < j ^ 3) 
the canonical projections, by A: X ^ X ^kX ^kX the unique morphism such that pr^ o A = idx 
for all 1 ^ i ^ 3 and hy 5 : X ^ X ^k X the framed diagonal of {X,D). It follows immediately 
from the definition that the diagram 

(5.34.2) Xt^kX^^kX^^Xt^kX 



Pl'l2 



Pri 



Pl'2 

X ^kX — ^x 

is cartesian. The projection pr23 is strict and smooth by 15.121 Then so is pr]^3 by symmetry. 

Let R be an efFectiye diyisor on X with support in D. We consider X ^kX ^kX (resp. X ^kX) 
as an X-scheme by prg (resp. prj) and denote by {X ^k X ^^ X)(^) (resp. {X ^^ X)(^)) the 
dilatation of X ^k X ^k X (resp. X ^k X) along A (resp. S) of thickening R. Obserye that if we 
consider X ^k X ^k X a,s an X-scheme by any of the projections pr^ (1 ^ i ^ 3), the dilatation of 
X ^kX ^kX along A of thickening R does not change. We deduce by 14. 71 that we haye a canonical 
isomorphism 

(5.34.3) {X ^k X ^k XY"^^ ^ {X *fe X)(«) XX {X ^k X^^^K 
By the universal property of dilatations (|4.3[) , pr23 induces a morphism 

(5.34.4) n: {X^k ^)<'^' xx (X ^k X^^^'^ -^ {X ^k XY'^'^ 
that fits into the following commutatiye diagram. 

(5.34.5) (X *fe X)W x^ (X *fe X)W {X *fe X)(«) 



{X *fe X) Xx {X *fe X) ^=^ X'^kX^kX -EllL^ X^kX 

Proposition 5.35 ([21j 2.24). Under the assumptions of (|5.34p . /i is smooth and /i Xx R is the 
addition of the vector bundle E = {X :^k X^^^ Xx R over R (|5.31.4p . 

Since prj^g is smooth, fj, is smooth (|4.9p . The closed subschema Rxx{X ^kX^-^'f of {X ^kX)^-^^ 
is equal to E, and the canonical projections (X ^k XY^^ ^ X induce the same morphism E ^ R. 
On the other hand, a = ^ xx R 'is a. linear morphism of vector bundles E x^E ^r E (|4.8p . Let 
ii, 12 : E ^ E Xfi E be the homomorphisms defined by ii{x) = (x, 0) and i2ix) = (0, x). To prove 
that a is the addition oi E, it is enough to prove that aoii = aoi2 = id_E'. Consider the morphism 
ii =id xxS^^'>: (X*fcX)(^) -^ (X^kX^kXY'^^- We have ii = li xx R: E ^ E xrE. Since 
fi o Li = id/x:i:^x)(") ! then a o ii = id^;. The same argument shows that a o i2 = id^. 
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6. Review of ramification theory of local fields with imperfect residue fields 

6.1. In this section, K denotes a discrete valuation field, ^k the valuation ring of K, vcvk the 
maximal ideal of ^k, F the residue field of ^k, K a separable closure of ivT, ^ the Galois group 
of K/K and ord the valuation of K normalized by oid{K^) = Z. We assume that ^k is henselian 
and that F has characteristic p. In ([2] 3.12), we defined a decreasing filtration ^j^ (r e Q>o) of 
5f by closed normal subgroups, called the logarithmic ramification filtration. Unlike the convention 
in loc. cit., it is more convenient to extend it by letting ^j° be the inertia subgroup of ^. For a 
rational number ?■ ^ 0, we put 



s>r 

(6.1.2) Grr,g(^) = ^,;g/^,;+. 

Then ^ = ^j°^ is the wild inertia subgroup of ^, i.e., the p-Sylow subgroup of ^j° ([2] 3.15). 

6.2. Let L be a finite separable extension of K and r a rational number ^ 0. Then ^ acts on 
liom.K{L,K) via its action on K. We say that the ramification of L/K is bounded by r (resp. by 
r+) if ^io„ (resp. ^{^'t) acts trivially on Hom/^ (L, X). We define the conductor c of L/K as the 
infimum of rational numbers r > such that the ramification of L/K is bounded by r. Then c is a 
rational number, and the ramification of L/K is bounded by c+ ([2J 9.5). If c > 0, the ramification 
of L/K is not bounded by c. 

Theorem 6.3 ([3J Theorem 1). For every rational number r > 0, the group Grf^ (^) is abelian 
and is contained in the center of the pro-p-group ^/^w . 

Lemma 6.4 ( [T7J 1.1). Let M be a 7j[-]-module on which 3^ acts through a finite discrete quotient, 
say by p: 3^ ^ Autz(M). Then, 

(i) M has a unique direct sum decomposition 

(6.4.1) M = ®,eQ^„MM 

into 3^ -stable submodules M^^> , such that AL^^' = M and for every r > 0, 

(6.4.2) (m('-))*>°s = and (M('-))^'=« = M*''). 

(ii) If r > 0, then AI^^> = for all but the finitely many values of r for which p(/^{^^ D Pi'^iol)- 

(iii) For variable M but fixed r, the functor M i—> M^'''> is exact. 

(iv) ForM,N as above, we have liom0,_n,od{M(''\ N^''"'') = if r ^r r' . 

Definition 6.5. The decomposition M = ®reQ>oM'^^^ of lemma W^ is called the slope decompo- 
sition of M. The values r ^ for which M^'') =|= are called the slopes of M. We say that M is 
isoclinic if it has only one slope. 

These notions apply in particular to the case where M is a Z[i]-module on which ^ acts through 
a finite discrete quotient. 

Lemma 6.6 ( |17| 1.4). If A is a Z[-]-algebra and M is a left A-module on which 3^ acts A- 

linearly through a finite discrete quotient, then in the slope decomposition M = @rM^ \ each M^'"' 
is an sub-A-module of M . For any A-algebra B, the slope decomposition of B ®a M is given by 

B0aM = ®r(B0AM('^^). 
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Lemma 6.7. Let M he a K-module on which IP acts A-linearly through a finite discrete quotient, 
which is isoclinic of slope r > 0; so the subgroup ^j^^ acts trivially on M . 

(i) Let X(r) be the set of isomorphism classes of finite characters X- ^log/^iog ~^ ^x such that 
A^ is a finite etale A-algebra, generated by the image of x, o,nd having a connected spectrum. Then 
M has a unique direct sum decomposition 

(6.7.1) M = ®^^x(r)M^ 

into ^-stable sub-A-modules M^, such that A[^^ ] acts on M^ through A^ for every x- 
(ii) There are finitely many characters x G ^('") for which M^ =|= 0. 
(iii) For variable M but fixed x, the functor M i— >■ M^ is exact. 
(iv) For M,N as above, we have Hom/^r^i (M^, N^i) =0 if X ^ x' ■ 

Let P be a finite discrete quotient of ,^/^jqI" througli which ^ acts on M and let C be the 
image of ^log/^ioe in P- We know by 16.31 that C is contained in the center of P. The connected 
components of Spec(A[C]) correspond to the isomorphism classes of characters x- C ^ A^ , where 
v4 is a finite etale A-algebra, generated by the image of x, and having a connected spectrum. We 
obtain a set of orthogonal idempotents e^ of A[C]; indexed by such characters, whose sum is 1, 
and are clearly central in A[P]. The lemma follows. 

Remark 6.8. If p"C = and A contains a primitive p"-th root of unity, then Aj^, = A for every 
X such that M^ =|= 0. 

Definition 6.9. The decomposition M = ®^M^ of lemma 16.71 is called the central character 
decomposition of M. The characters %: ^log/^iog ~^ ^y for which M^ =|= are called the central 
characters of M. 

Lemma 6.10. If A is a A-algebra, and M is a left A-module on which S^ acts A-linearly through a 
finite discrete quotient, which is isoclinic, then in the central character decomposition M = ©^M^^, 
each M^ is an sub-A-module of M . For any A-algebra B, the central character decomposition of 
B®aM is given by B ®a M = ®x{B ®a M^). 



This is clear from the proof of l6.7l 

6.11. For the rest of this section, we assume that K has characteristic p and that F is of finite 
type over k. We denote by 51^ (log) the £?if-module of logarithmic 1-differential forms 

(6.11.1) ^J^^(log) = {n)y^®{eK®zK-^))/&. 

where (3 is the sub-i^i<--module of il^ ® {ffx ®zK^) generated by elements of the form (da, 0) — 
(0, a®a), for a 6 ^k — {0}. For every a e K^ , we denote by dlog(a) e Vtg,^^(\og) the class of 
(0, 1 ® a). Let TT be a uniformizer of ^k- The morphism fij^ @ Gk —^ f^^ (log) that maps (w, a) 
to w + odlog(7r) is surjective, and its kernel is generated by (dn, 0) — (0, tt). 

We put flpQog) = riff (log)®^j^ F and denote by (ilog[7r] the class of dlog(7r). It is easy to see 
that r2j^(log) is canonically isomorphic to the quotient of i^p @ {F ®z ^^) by the sub- _F- module 
generated by elements of the form (da, 0) — (0, a (x)a), for a e ^k — {0}, where a is the residue class 
of a in P. Then we have an exact sequence 

(6.11.2) — >n]^ — >n],{\og)^^F — >0, 

where res((0,a®6)) = a-ord(6) for a e P and b e K^. In particular, J7)^(log) is an P-vector space 
of finite dimension. 
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6.12. Let ff-j^ be the integral closure of ^k in K and F its residue field. For a rational number 
r, we put m^ = {x e K ; ord(a;) ^ r}, m^ = {x e K ; ord(a;) > r} and 

(6.12.1) ef ) = Hom^ (17i,(log),mym^), 

which is an _F-vector space of finite dimension. We consider 0i!.^ as a smooth additive _F-group- 

scheme. Let ti"! ^(©-^ ) be the quotient of the abelianized fundamental group ■Kf^{Q^) of Q^' 
classifying etale isogenics; it is an abelian profinite group killed by p. Recall that Lang's isogeny 
Air -^ Air, defined hy x ^-^ x^ — x (where x is the canonical parameter of Ai^), is a basis of the 

i^- vector space Homz(7r^^(Air),Fp). Therefore, we have a canonical isomorphism 

(6.12.2) Homz(7rf^(ef )),Fp) ^ Hom^(m^/m^, f]^(log) ®f F). 

Theorem 6.13 ([21j 1.24). For every rational number r > 0, there exists a canonical surjective 
homomorphism 

(6.13.1) ^f^e(p)^GTl^^. 

Consequently, the group GrJ^ J^ is killed by p, and we have a canonical injective homomorphism 

(6.13.2) rsw: Homz(Gr[,g^, ¥p) -^ Hom^(mym^, O^(log) ®f F). 

The homomorphism ()6.13.2p is called the refined Swan conductor. This theorem has been 
recently extended to the unequal characteristic case by one of the authors (T.S.) [22]. 



7. Ramification of Galois torsors 

7.1. In this section, we fix an snc-pair {X, D) over fc, and put U = X—D. We denote by j : U ^r X 
the canonical injection, by X ^^ X the framed self-product of (X, D) and by (5: X ^^ X -^kX the 
framed diagonal (|5.2ip . We will no longer consider the logarithmic structure oi X ^k X-. only the 
underlying scheme will be of interest for us. We consider X ^k X as an X-scheme by the second 
projection. For any effective rational divisor R on X with support in D, we denote by [X ■^kXY^'> 
the dilatation oi X ^,k X along 5 of thickening R (|5.3ip . by 

(7.1.1) J(^' : X ^ (X *fc ^)^^' 
the canonical lifting of 5, and by 

(7.1.2) j(«):C/Xfe[/^(X*feX)(«) 

the canonical open immersion. Then we have the following Cartesian diagram. 

(7.1.3) U ^-^^^UxkU 






40 
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7.2. Let y be a Galois torsor over U of group G and R an effective rational divisor on X with 
support in D. We consider V XkV a&& Galois torsor over U XkU oi group G xG, and denote by W 
the quotient of y x^ y by the group A(G), where A: G ^ G x G is the diagonal homomorphism. 
The diagonal morphism 6v '■ V ^ V Xk V induces a morphism eu- U ^^ W above the diagonal 
morphism Sjj- U ^> U XkU. Note that W represents the sheaf of isomorphisms of G-torsors 
from UxkVtoVxkU over U XkU, and that eu corresponds to the identity isomorphism of V 
(identified with the pull-backs oi U XkV and V XkU hy 6u)- We denote by Z the integral closure 
of {X ^k X)^^'> in W, by tt: Z ^>- {X xu X)(^' the canonical morphism and hy e: X ^> Z the 
morphism induced by £[/ : U ^ W . We have tt o e = S'^^^ 

(7.2.1) 





C/xfcC/- 



-^(X*feX)(«)-^^^X 



Definition 7.3. We keep the assumptions of (|7.2p and let a; 6 X. We say that the ramification of 
V /U at X is bounded by R+ if the morphism ir: Z —> (X ^k X)^^> is etale at e{x), and that the 
ramification of V /U along D is bounded by R+ if tt is etale over an open neighborhood of e(^). 

Lemma 7.4. Let V be a Galois torsor over U , R an effective rational divisor on X with support 
in D and x e X . The ramification of V/U at x is bounded by R+ if and only if there exists an 
open neighborhood X' of x in X such that if we put U' = U Xx X' and V = V Xx X' and if we 
denote by D' and R' the pull-backs of D and R over X' , then the ramification of V /U' along D' 
is bounded by R'+. 

Only the necessity of the condition requires a proof. Assume that the ramification of V/U at x 
is bounded by R+. Then with the notation of (|7.2p . there exists an open neighborhood X' of x in 
X such that the morphism tt: Z ^>- {X ^k ^)'^^ is etale at each point e{x') for x' e X'. It is clear 
that X' satisfies the required property. 

Lemma 7.5. Let V be a Galois torsor over U , x e X and R and R' effective rational divisors on 
X with supports in D such that R' ^ R. Then if the ramification of V/U at x (resp. along D) is 
bounded by R+, it is also bounded by R'+. 

We use the notation of (|7.2|) both for R and i?'; we equip objects relative to R' with a prime. 
There is a canonical morphism u: (X ^fcX)(^ ' -^ (X ^fcX)^^' (|5.26.4p that fits into the following 
commutative diagram. 



(X^kX) 



(R'. 




(7.5.1) 



X -^^ {X ^.k XY^-> -^ U XkU 

It induces a canonical morphism v. Z' ^> Z that fits into the following commutative diagram. 
(7.5.2) Z' ^(X*fcX)(«') 




{X ^k xY^) 
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Moreover. Z' is the integral closure of u*{Z) in W . Let Z_ (resp. Z') be the maximal open 
subscheme of Z (resp. Z') which is etale over (X*feX)(-'^) (resp. (X*feX)(^')). Since (X*fcX)(^') 
is normal (|5.27p . u*{Z_) is normal. Therefore, we can identify u*{Z_) with v^^{Z_) cz Z', and we 
have v^^(Z_) a Z_' , which implies the proposition. 

Proposition 7.6. Let V be a Galois torsor over U of group G, x € X, H a normal subgroup of G 
and V' the quotient of V by H . Then if the ramification of V /U at x (resp. along D) is bounded 
by R+, the ramification ofV'/U at x (resp. along D) is bounded by R+. 



It is enough to prove the proposition relative to x. We use the notation of (|7.2p for the Galois 
torsor V over U. We put G" = G/H and denote by A' : G' ^^ G' x G' the diagonal homomorphism, 
by W the quotient of 1/' Xfe V by A'(G") and by Z' the integral closure of (X *fc X)(^) in W. 
Let H' be the subgroup of G x G of elements {g,g') such that g'g^^ e H (i.e., the inverse image 
of A'(G') in G x G). Then W is the quotient oiV XkV by H' . Since A(G) c H' , there exists a 
canonical (F xj, y)-morphism W -^ W, which induces an (X ^k X)(-'^)-morphism p: Z ^ Z' . By 
assumption, there exists an open neighborhood Zo of e{x) in Z, which is etale over {X i^k XY^\ 
Then Zo is unramifed over Z', and by ([T^] 18.10.1), Zq is etale over Z'; in particular, Zq is flat 
over Z' and p{Zq) is an open subscheme of Z'. We conclude by ([12] 17.7.7) that p{Zo) is etale 
over {X ^fe X)(^), which implies that the ramification of V'/U at x is bounded by R+. 

Proposition 7.7. Let V be a Galois torsor over U, R an effective rational divisor on X with 
support in D, f: (X',D') —>■ (X,D) a morphism of snc-pairs, U' = X' — D' , V = V Xjj U', 
R' = f*{R), x' 6 X' and x = f{x'). Then : 

(i) If the ramification of V/U at x (resp. along D) is bounded by R+, the ramification of V'/U' 
at x' (resp. along D' ) is bounded by R' + . 

(ii) Assume that f is log-smooth (|5.17p and that the morphism X' -^ X is flat at x' . Then the 
ramification of V/U at x is bounded by R+ if and only if the ramification of V'/U' at x' is bounded 
by R'+. 

(iii) Assume that f is log-smooth and that the morphism X' -^ X is faithfully flat. Then the 
ramification of V/U along D is bounded by R-\- if and only if the ramification of V'/U' along D' 
is bounded by R'-\-. 

Let G be the Galois group of V/U. We denote by W (resp. W) the quotient oi V XkV (resp. 
V Xk V) by A(G) (cf. [721) • We have a commutative diagram (|5.32.ip 

(7.7.1) X' =X' ^X 



5y, 



If 



X' *fe X' — ^^^ X *fe X' — ^ X^kX 

where /i and /2 are the morphisms defined in (|5.21.2p . 6x and 6x' are the framed diagonals and 
7/ is the framed graph of /. We put f = f2° /i- Let Ui = f~^{U) and let Ui ^k Ui be the framed 
self-product of {Ui,D'\Ui). Then we have Ui *fc Ui = {X' ^k X') Xf^x-x^X') {Ui Xk Ui). We put 
Wi = W X((7x^t/) {U Xk Ui) and W = W X(^ijy^^u\ (Ui ^fe Ui). We have the following commutative 
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diagram (cf. 17. 2p . 
(7.7.2) 




U' Xfe U' ^ Ui ^k Ui ^ U Xk Ui 



■U XkU 



n 



n 



X' *fe X' *- X *fe X' —^ X^kX 

We denote by {X' :^kX')('^'^ (resp. {X :^kX')(^'^) the dilatation of X' *fcX' (resp. X:^kX') along 
5x1 (resp. 7/) of thickening R' . Let Z (resp. Zi, resp. Z') be the integral closure of {X ^^ XY^'> 
in W (resp. {X -^kX'Y^ ^ in M^i, resp. (X' -^kX'Y^ ^ in VF'). Since W is a dense open subscheme 
of W and since the latter is regular, Z' is identified with the integral closure of (X' -^i^ X')^^ ) in 
W. Then we have the following commutative diagram (|5.32.2p . 



(7.7.3) 




{X' *fe X')("') -^^ {X *fe X')(^') -^^ (X *fc X)(«) 



We put /(^) = /2 ° /i ^-iicl /' = /2 o /i- Let Z (resp. Z_', resp. Z^) be the maximal open 
subscheme of Z (resp. Z', resp. Zi) where tt (resp. tt', resp. tti) is etale. 

(i) It is enough to prove the local proposition. We denote by Z^ (resp. Zj) the base change 
of Z (resp. Z_) by f^'^K Since {X' ^k X'Y^'^ is normal ([07| . Z^ is normal. Therefore, we can 
identify Zj with /'^^(Z) c Z', and we have f'^^{Z_) cz Z_'. We have £(a;) G Z by assumption ; then 
e'{x')eZ'. 

(ii) By (i), there is only one implication to prove : we assume that tt' is etale at s'{x') and prove 
that TT is etale at e{x). We proceed in three steps. 

(A) Assume first that the morphism f : X' ^ X is smooth (in the usual sense) and that R' 
has integral coefficients. Since / is log-smooth, the first condition is satisfied if for instance the 

( f?'\ 

morphism X!^, — >■ X\ogD is strict (|5.17p . By 15.33( 11). the morphism f\^ ' is smooth. Then the 
diagram 



(7.7.4) 



/; 



-^1 



,'^ n 



(R'l 



{X' *fe X')(^- ) {X *fe x')(^ ) 
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is cartesian, and hence tti is etale at ei{x'). On the other hand, /2 induces an isomorphism (|5.21.3|) 
(7.7.5) X*feX'^(X*fcX) xjfX'. 



It foUows from 15.291 that the diagram 



(7.7.6) 



(X*feX')(«')^^-(X*feX)W 



X' 



^x 



is cartesian. Then /j is smooth and the diagram 



(7.7.7) 



Zi 



/2 



^ z 



{X^kX'Y"')^{X^kX)i^) 



is cartesian. Hence tt is etale at e{x). 

(B) Assume next that the fohowing conditions are satisfied : 

(a) The irreducible components Di, . . . , _D,„ of D are defined by equations ti, . . . ,tm G ^{X, ffx) 

(b) There exists integers oi, . . . , am ^ 1 such that 



(7.7.8) 



X 






and that the divisor D' is defined by the equation Y\T=i '^i- Observe that {X',D') is an snc-pair 
over k, that {X',D') -^ {X,D) is log-smooth and that X' ^ X is faithfully flat. 

(c) R' has integral coefficients. 

It follows from the first half of the proof of case (A) that tti is etale at £i(x'). Consider the 
AT-scheme 



(7.7.9) 



X 



{U^T,-U■,llS:^^m)^ 



and denote by h: X" -^ X the structural morphism (which is smooth). Let g: X' ^ X" be the 
finite A"-morphism defined by Ti i—>- S*"' (1 ^ i ^ m) and let x" = g{x'). The morphism /2 factors 
as 

(7.7.10) X*feA'^^X*feX"^X*fcX. 

We put R" = h*iR), C/2 = /i"^(C/), W2 = W X(ux^u) (U Xk U2), and denote by (AT ^k A:")^^"' 
the dilatation of AT ^^ X" along the framed graph of h of thickening i?", and by Z2 the integral 
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closure of {X ^k X"Y^ ) in W2- We have the following commutative diagram. 

9 ,,,. h 



(7.7.11) 



X'' 



Zi 



■X" 



92 



h' 



-^x 



-^ z 



92 



l(R) 



{X *fe X')(^') ^^^- {X *, X")(^") ^- (X *fe x)(^) 



X' 



■X" 



■X 



By 15.291 each irreducible component of (X ^^ X'^^'f dominates an irreducible component of 
{X ^k X"Y^ \ Then it follows from 12.71 that 1^2 is etale at e2{x"). Since h is smooth, we deduce, 
as in the second half of the proof of case (A), that tt is etale at £{x). 

(C) We consider finally the general case. We may assume that the morphism X' ^t X \s flat 
and that the ramification of V /U' along D' is bounded by R'-\- (|7.4I) . Let Di, . . . ,Dn be the 
irreducible components of D containing x. Bv l5.18( we may assume that x' is contained in exactly 
n irreducible components D[, . . . , D'^^ of D' such that D'^ dominates Di for all 1 ^ i ^ n. Moreover, 
we may assume that D = Ui<i<„ -D^ and D' = Ui<i<n-^i' ^^'^ *^^^ '^^^ each 1 ^ « ^ n, D^ is 
defined by an equation ti 6 T{X, ffx) and D[ is defined by a section Si 6 T{X' , ffx')- We write 
R = Yj'Li ^i^i and f*{Di) = e.iD[ (1 ^ i ^ n); so we have U = Uis1\ where m e T{X, ff^). For 
each 1 :^ i :^ n, let bi be an integer ^ 1 such that biVi is an integer. We put a^ = biCi (1 ^ i ^ n) 
and 

X[S^,U^^■^^^^n\ 



(7.7.12) 



Y 



{U.S'i^ -u-i^i^ny 



that we equip with the simple normal crossing divisor E defined by YXi^i '^«- Consider the loga- 
rithmic scheme (|5.17p 



(7.7.13) 



Y' 



-flogB XXw„ ^logD' 



Since e^ divides a^ for all 1 :^ i ^^ n, the morphism Y' —>■ llogB is strict, and since it is log-smooth, 
the morphism of the underlying schemes Y' ^ Y is smooth. Hence, if E' denotes the pull-back of 
EonY', (Y', E') is an snc-pair over fc, and the logarithmic structure on Y' is defined by E' . On 
the other hand, Y' ^>- X' XxY is finite and dominant. Since Y ^r X is faithfully fiat, there exists 
a point y' 6 Y' above x' . We have the following commutative diagram of SNCPfc. 



(7.7.14) 



{Y',E'). 



{X\D') 



iX,D) 



By applying first (i) to the morphism 7 at the point y' , then (ii) case (A) to the morphism a at 
the point y' , and finally (ii) case (B) to the morphism /? at the point a{y'), we conclude that the 
ramification of V/U at x is bounded by R+. 
(iii) It follows from (ii). 
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Corollary 7.8. Let V he a Galois torsor over U of group G, I a subgroup of G and R an effective 
rational divisor on X with support in D. We denote by U' the quotient ofV by I, by X' the integral 
closure of X in U' , by f : X' —> X the structural morphism. Let Xq be an open subscheme of X' 
which is etale over X , x' 6 Xq and x = f{x'). We put Uq = U' xx' Xq, Vq = V xij> Uq and denote 
by D'q and Rq the pull-backs of D and R over Xq; so (Xq, D'q) is an snc-pair over k. Then the 
ramification ofV/U at x is bounded by R+ if and only if the ramification o/Vo/C/q '^t x' is bounded 
byR'o + - 

Bv l7.7r i). we may replace Xq by the maximal open subscheme of X' which is etale over X. So 
we may assume that Uq = U' a Xq and Vq = V. We put V = V xjj U' and consider it as a G 
torsor over U'. We have a [/'-isomorphism 

(7.8.1) ]Jy^y'. 

i\G 
The action of G on V induces an action on Yii\G ^ defined, for g, g' e G and a; e V , by 

(7.8.2) g{xig.) = {g{x))jg,g-.. 

Let A: G ^ G X G be the diagonal homomorphism, W the quotient of V^ x^: V^ by A(G), Wi 
the quotient of ^ Xj. F by A(/) and W' the quotient of V" x^ V by A(G). We denote by 
tjj: V Xi^V ^>- W\ the canonical morphism and by e: [/ ^ W , ei : C/' ^- W\ and e': t/' ^ W the 
sections induced by the diagonal morphisms V ^ V x^V and V' ^ V Xf^V'. 
The isomorphism (|7.8.ip induces an isomorphism 

(7.8.3) U VxkV^V XkV. 

I\GxI\G 

We denote also by A: I\G -^ I\G x L\G the diagonal map. Then ]J^(ng> F Xj, T/ is an open 
subscheme of V x^ V stable under the action of A(G). Moreover, the diagonal morphism V -^ 
y XkV is induced by the disjoint sum over A(/\G) of the diagonal morphisms V ^ V x^V. On 
the other hand, the morphism 

(7.8.4) U VxkV^Wi 

AiI\G) 

sending {{x, y)ig) to w{{g{x),g{y))) makes ^^/n|3^ ^ x^ T^ as a G-torsor over Wi. It follows that 
Wi is an open and closed subscheme of W' and that e' is induced by ei. Therefore, the ramification 
of V /U' at x' is bounded by R'q-\- if and only if the ramification of V /U' at x' is bounded by R'q-\-- 
On the other hand, bv l7.7f ii). the ramification of V /U at x is bounded by R-\- if and only if the 
ramification of V' /U' at x' is bounded by R'q-\-, hence the proposition. 

Remark 7.9. Let R be an effective rational divisor on X with support in D. Then there exists 
a log-smooth morphism of snc-pairs /: {X',D') — > (^X,D) such that the underlying morphism of 
schemes X' ^r X is faithfully flat and that f*{R) has integral coefficients. Indeed, let x e X, 
Di, . . . , Dn be the irreducible components of D containing x. The question being local on X , we 
may assume that D = U]^<j<„ Di and that for each 1 ^ i ^ n, Di is defined by an equation 
ti 6 T{X, Gx)- We write R = 2"=! ''^i-^t- For each 1 ^ i ^ n, let Oi be an integer ^ 1 such that 
OiTi is an integer. Then 

^7 on X[S,,U^';l^i^n\ 

^ ' {U.,Sr-t.;l^i^n) 

equipped with the normal crossing divisor D' defined by Y\i^i ^i answers the question. 
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7.10. Let y be a Galois torsor over U of group G and let A: G ^- G x G be the diagonal 
homomorphism. We denote by W the quotient oi V XkV by the group A(G). The diagonal 
morphism 6v '■ V —>■ V Xk V induces a morphism ejj '■ U -^ W above the diagonal morphism 
5u:U ^U XkU. 

We claim that the quotient oiV x^V x^V hy the diagonal action of G is canonically isomorphic 
toWxuW. Indeed, the quotient oiV XkV XkVhy A{G) x G (resp. G x A(G)) is WxkU (resp. 
U XkW). 

V XkV XkV 



W Xi 





UXkW 



U XhU X 



Since (A(G) x G) r, {G x A(G)) is the image of the diagonal homomorphism G ^ G x G x G, we 
deduce that the quotient ofV^Xfel/XfeT^by the diagonal action of G is canonically isomorphic to 
(W Xk U) X([/xfct/xfcC/) {U Xk W), and hence to W xu W. 

The morphism tni3 : V XkV XkV ^rV XkV defined by 'nji-i{xi, X2, x^) = (xi, X3) is equivariant 
for the diagonal actions of G on both sides. Taking quotients, we obtain a morphism 

(7.10.1) WxuW^W 

that fits into the commutative diagram 



(7.10.2) WxuW 



W 



Pri3 



■ U XkU XkU^^U XkU 



(U XkU) xu(UxkU) = 

where the morphism prj^g is defined by pr]^3(a:i, 2:2, 2:3) = (xi^x^). If we consider Vl^ as the G-torsor 
of isomorphisms of G-torsors from UxkVtoVxkU over U XkU, then the morphism (|7.10.ip is 
the composition of isomorphisms. 

Let R be an effective divisor on X with support in D. We denote by Z the integral closure of 
{X ^k XY^'^ in W, by tt: Z ^>- {X ^k XY^'^ the canonical morphism, by e: X — > Z the morphism 
induced by Su (cf. 17. 2p and (abusively) by prj^ , pr2 : Z ^ X the morphisms induced by the canonical 
projections pr^ and pv^ of (X ^k XY^\ We put X = (X *fe X)(^) xx {X ^k X^"'' and denote 
by Y be the integral closure of X in M^ x^ W. Recall (|5.34.4p that there is a canonical morphism 
/x: X ^ (X ^k XY^^ extending pii^. Then diagram ()7.10.2p induces a morphism ;/: Y ^ Z that 
fits into the following commutative diagram. 



Y' 



-^Z 



(7.10.3) 



Let Zq be the maximal open subscheme of Z which is etale over (X ^feX)(^). Observe that Y is 
the integral closure of Z xx Z iiiW xu W . The canonical projections prj^, pr2 : {X -^k XY^^^ -^ X 
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are smooth. Then X is smooth over X, and hence regular. Since Zq xx Zq is etale over X, it is 
regular. Therefore, we can identify Z^ xx Zq with an open subscheme of Y. We claim that 

(7.10.4) ZoXxZo^i^-\Zo). 

We denote by fJ.*{Z) (resp. /i*(Zo)) the base change of Z (resp. Zq) by /i. Then i/ induces a finite 
X-morphism Y — >■ ii*{Z). Since /i is smooth (|5.35p . iJ,*{Zo) is the maximal open subscheme of 
/i*(Z) which is etale over X. Since Zq Xx Zq is etale over X, it is unramified over fi*{Z). Then by 
([12] 18.10.1), Zq xx^'o is etale over ii*{Z); in particular, it is flat over fj,*{Z). Hence the inclusion 
(|7.10.4p follows from ([T^ 17.7.7). By (|7.10.4p . ly induces a morphism that we denote also by 

(7.10.5) 1^: ZoXxZo^Zq. 

The automorphism i oi V Xj^V switching the factors is equivariant for the diagonal action of 
G. Taking quotients, we obtain an automorphism ty of W that lifts the automorphism oiU x^U 
switching the factors. Then ltj extends to an automorphism l oi Z that fits into the commutative 
diagram 

(7.10.6) Z ^Z 



(X>!.feX)(«)^(XM.feX)(«) 



where a is the automorphism (j5.31.ip . It is clear that i{Zq) = Zq] we denote also by l the 
automorphism of Zq induced by l. Let 



(7.10.7) 



a: Zq Xx Zq ^ Zq Xx Zq 



be the morphism defined by a{x,y) = (i(y), t(a;)). It is well defined because of the following 
commutative diagram. 



(7.10.: 



Zq Xx Zq 



Pl'2 



^ Zq 



-^ Zq 



Zq 



Zq 



pl'2 



X 




Pl-2 



X 



Lemma 7.11. We keep the assumptions of (|7.10p . 
(i) The diagrams 



(7.11.1) 



Zq Xx Zq Xx Zq 

lyxid 

Zq Xx Zq 



idx!^ 



-^ Zq Xx Zq 



-^Zq 



(7.11.2) 



Zq Xx Zq s- Zq Xx Zq 



Zq 



-^ Zq 
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are commutative. 

(ii) Assume moreover that the ramification of V /U along D is hounded by R+; so we have 
s(X) a Zq. We denote also by e: X —y Zq the morphism induced by e. Then the diagrams 



(7.11.3) 



idx£ 



^ Zq Xx Zq 




(7.11.4) 



are commutative. 

(i) The diagram 
(7.11.5) 



z *- X -< Zo 



-^Z 



e 




t xid 




" 


7 ^ 

0-* 


-Zo X 


X ^0 



idxt 
Zq XX Zq ■ 



V XkV XkV XkV ^^^V XkV XkV 



V x.V x,,V- 



tUi3 

V XkV 



where wii4{xi,X2,X3,Xi) = (xi,Xi,X4) for i e {2,3}, is commutative and equivariant for the 
diagonal actions of G. It induces by taking quotients the fohowing commutative diagram. 



W xuW xuW ■ 

vu xid 

W XuW 



idxi^u 



(7.11.6) W XuW XuW '-^^^^^ — ^WxuW 

^w 

Indeed, if we denote by A : G ^- G x G and V:G^'GxGxG the diagonal homomorphisms, 
then the quotient oi V XkV XkV XkV hy A(G) xGxG (resp. by G x V(G)) isW x^U XkU 
(resp. U XkW xu W). 



(7.11.7) 



V XkVxkV XkV 



WXkU XkU 



U XkW XuW 



U XkU XkU XkU 

Since (A(G) xGxG)n{Gx \7{Gj) is the image of the diagonal homomorphism G^'GxGxGxG, 
it follows that ti7i24 induces by quotient by the diagonal actions of G the morphism 

id X vu- W XuW XuW ^yW XuW. 

By switching the second and the third factors, we prove that ix'134 induces by quotient by the 
diagonal actions of G the morphism vu xid: WxuWxuW^>-W XuW. Therefore, the diagram 
(|7.11.6I) is commutative, and hence so is the diagram (17.11. ip . 
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The diagram 
(7.11.8) 



V XkV XkV ^^V XkV XkV 



-^V XkV 



V XkV- 

where I3(x,y,z) = (z,y,x) and i(x,y) = {y,x), is commutative and equivariant for the diagonal 
actions of G. It induces by taking quotients the following commutative diagram. 



(7.11.9) 



W xuW ■ 

W ■ 



^W XuW 

w 



The latter proves that the diagram (|7.11.2p is commutative, 
(ii) The diagram 



(7.11.10) 



V XkV ^^^^^^^V XkV XkV 



5v xid 



V XkV XkV- 



-^V XkV 



is commutative and equivariant for the diagonal actions of G. It induces by taking quotients the 
following commutative diagram. 



idx£ 



(7.11.11) 



The latter proves that the diagram (|7.11.3p is commutative. 
The diagram 



^W X,rW 




(7.11.12) 



V XkV- 



Pri 



V XkV XkV- 



^v 



-^V XkV 



where a{x,y) = {x,y,x) is commutative and equivariant for the diagonal actions of G. It induces 
by taking quotients the following commutative diagram. 



(7.11.13) 



W- 



PH 



idxt 



W xjjW - 



-^U 



-^W 



The latter proves that the left square in the diagram (|7.11.4p is commutative. The same argument 
shows that the right square is also commutative. 
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Proposition 7.12. We keep the assumptions of (|7.10p (so R has integral coefficients) and assume 
moreover that the ramification of V/U along D is bounded by R+. We put F = Zq Xx R and 
E = [X H^fc Xy 'f Xx R, which is a vector bundle over R (j5.31.4[) . Then : 

(i) F is a group scheme over R, and the morphism tt^ : F —^ E induced by n is a surjective 
etale morphism of group schemes over R. 

(ii) For every geometric point x of R, the neutral connected component F-^ of F^ is isomorphic 
to a product of additive groups over x, the morphism n-^ : F^ -^ E-^ is finite etale and surjective 
and its kernel is an ¥p-vector space of finite dimension. 

(i) The closed subscheme R xx {X i^k ^)'^-' of {X -^k ^)^^' is equal to E^ and the canonical 
projections pr]^,pr2: {X ^^ Xy^ =^ X induce the same morphism E —> R. Hence, the closed 
subscheme Rxx Zq of Zq is equal to F, and the canonical morphisms prj^, prj : Zq ^ X induce the 
same morphism F —>■ R. Then it follows from [7TTT] that _F is a group scheme over R. We deduce 
from 15.351 and the commutative diagram 

(7.12.1) ZoXxZo ^Zo 



{X *k ^)(^' XX (X *fe X)(^) ^^ {X ^k X)(^'^ 

that TTR is a morphism of group schemes over R. By the definition of Zq, ttr is etale, and it follows 
from (ii) that it is surjective. 
(ii) It follows from 12.231 

Corollary 7.13. We keep the assumptions of (|7.2p and assume moreover that R has integral 
coefficients. Then the following conditions are equivalent : 

(i) The ramification of V/U along D is bounded by R+. 

(ii) There exists an open neighbourhood Zq of e{X) in Z which is etale over {X ^^ Xy> and 
such that Tr{Zo) contains E = (X ^^ Xp^' Xx R- 

Remark 7.14. We can deduce [7.131 from (|7.10.4p by a shorter argument using only 15.351 

7.15. Let R be an effective divisor on X with support in D, ^ a generic point of Z?, ^ a geometric 
point of X above ^, S the strict localization of X at ^, rj the generic point of S, rj' an integral finite 
etale extension of rj and S' the integral closure of S in ?/. We put 

(7.15.1) {X ^k S'Y''^ = {X *fe X)(^) XX S'. 

(This notation could be justified bv 15.291) . The morphism (J^^) induces a section Sg, : S' -^ 
{X *fe S")(^) of the canonical projection {X ^k S'^^^ -^ S'. 

Let y be a Galois torsor over U of group G, Y the integral closure of X in V^, f:Y^X the 
canonical morphism, A : G ^ G xG the diagonal homomorphism and W the quotient oiV XkV hy 
the group A(G'). The diagonal morphism Sy- V ^ V XkV induces a morphism eu- U ^^ W above 
the diagonal morphism Sjj : U ^ U x ^ U . We denote by Z the integral closure of (X ^k XY^'' in 
W, by tt: Z ^ (X x^ X)(^) the canonical morphism and hy e: X ^ Z the morphism induced by 
eu-U ^W. We have tt o e = S'-^"' (cf. ((7XT|) 1. Let Zs' be the normalization of Zs' = Z xx S', 
or equivalently, the integral closure of {X ^k S')^-'^^ in W xurj'. The morphism e induces a section 

^ ^ { R) ^ 

es' ■ S' -^ Zs' of the canonical morphism Zs' -^ S', that lifts Sg, ' . Observe that Zs = Zs- 

We denote by Qs' the normalization of Y Xx {X 4=*; S'Y^\ or equivalently, the integral closure 
of {X ^fe S'')(^' in y Xfe rj' . If the canonical morphism S' ^> X factors as 5*' ^ y — >■ X, then we 
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have canonical isomorphisms 

(7.15.2) V XkT]' ^{V XkV)xvr]' -{W xuV) xvrj' ^W xuv'- 
Hence, we obtain an isomorphism 

(7.15.3) Qs'^Zs.. 

Lemma 7.16. We keep the assumptions of (|7.15p and let a: S' —>■ Qs' be a section of the canonical 
niorphisni Qs' -^ S' lifting the section (5^, : S' —> {X ^k S'p^' . If the canonical morphism 
Qs' — >■ {X ^k S'Y^' is etale on an open neighborhood of a, then it is etale everywhere. 

Observe first that {X ^k S'Y^'' is regular since it is smooth over S'. The group G acts on Qs', 
and the quotient of Qs' by G is {X ^k S'Y^K Therefore, the morphism Qs' -^ {X ^k 5")^^^ is 
etale above an open neighborhood of Sg,'{S'). Then the assertion follows from Zariski-Nagata's 
purity theorem ([llj X 3.4). 

Lemma 7.17. Under the assumptions of (|7.15p . the following conditions are equivalent : 

(i) The canonical morphism Zg —> (X ^k Sp^> is etale on an open neighborhood of es{S). 

(ii) For any integral finite etale extension rj' ofrj, the canonical morphism Zgi — >■ {X :^k S'Y^> 
is etale on an open neighborhood ofes'{S'). 

(iii) There exists an integral finite etale extension rj' of rj such that the canonical morphism 
Zs' —> {X >}:fc S')^ ' is etale on an open neighborhood of es'{S'). 

(iv) For any connected component TofY Xx S, the canonical morphism Qt -^ {X ^k T^^^^ is 
etale. 

(v) There exists an integral finite etale extension rf of rj such that the canonical morphism 
Qs' -^ {X *fc S")(^' is etale. 

Conditions (i), (ii) and (iii) are equivalent bv 12.71 We have (ii)^.(iv) by (|7.15.3I1 and 17.161 It 
is clear that we have (iv)^>(v). If the condition (v) holds true, then it holds under the extra 

assumption that the canonical morphism S' ^>- X factors as S' ^>- Y ^>- X . Then we have (v)^>(iii) 
by (I7.15.3|) . 

Proposition 7.18. Let V be a Galois torsor over U , R a rational divisor on X with support in D, 
^ a generic point of D, ^ a generic point of X above S,, S the strict localization of X at S,, K the 
fraction field ofT(S, ^s) and r the multiplicity of R at ^. We put V xjj Spec(ii') = Spec(L), where 
L = Yli=i ^i *'' 0- finite product of finite separable extensions of K . Then the following conditions 
are equivalent : 

(i) The ramification ofV/U at ^ is bounded by R+. 

(ii) For every 1 ^ i ^ n, the logarithmic ramification of Li/K is bounded by r+ (|6.2p . 

Bv l7.7r ii). 17.91 and (|3j 5.2), we may assume that R has integral coefficients. We take again the 
notation of 17.151 The condition (i) is equivalent to condition 17. 17( 1). Condition (ii) is equivalent 
to condition 17. 17r v) by ([21] 1.13 and the remark after its proof). Hence, the proposition follows 
from 17.171 

Proposition 7.19. Let V be a Galois torsor over U of group G, Y the integral closure of X inV 
and R an effective rational divisor on X with support in D. Assume that the following conditions 
are satisfied : 

(i) V/U has the property (NpS) at every geometric point of X p.l2p . that is, for every geo- 
metric point y of Y , the inertia group ly c G ofy has a normal p-Sylow subgroup ; 

(ii) for every generic point ^ of D, the ramification of V /U at ^ is bounded by R+. 
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Then the ramification ofV/U along D is bounded by R+. 

It is enough to prove that for every x e X, the ramification of V/U at x is bounded by R+. 
Let y be a geometric point of Y locahzed at a point y eY above x. We denote by U' the quotient 
of V by the inertia group ly of y, by X' the integral closure oi X in U', hy f : X' -^ X the 
structural morphism, by Xq the maximal open subscheme of X' which is etale over X and by D'q 
and R'q the pull-backs of D and R over Xq, so {Xq,D'q) is an snc-pair over k and U' c Xq. Since 
X 6 /(Xq), it is enough to prove that the ramification of V/U' along D'q is bounded by R'q+ ()7.8p . 
Replacing V/U and {X,D) by V^/f/' and (X(„ D'^) ([2] 3.15) (cf. 17:201) . we may assume that G 
has a normal p-Sylow subgroup. Bv l7.71 17.91 17.181 and ([2] 3.15), we may also assume that R has 
integral coefficients. 

Assume next that G has a normal p-Sylow subgroup H and that R has integral coefficients. 
It is enough to prove that for every x € X, the ramification of V/U at x is bounded by R+. 
Let Ui be the quotient of V by H; so ?7i is a Galois torsor over U which is tamely ramified 
along D. By Abhyankar's lemma ([10] XIII 5.2 and 5.4). there exists a morphism of snc-pairs 
h: {X',D') -^ {X,D) satisfying the following properties : 

(P) The morphism h is log-smooth, the morphism X' ^- AT is flat and x e h{X'). 

(Q) We put U' = X' — D' and U{ = Ui xu U', and denote by A( the integral closure of X' in 
U[ ; then A( is etale over X'. 

We pntV' = Vxu U' and denote by D'^ and R'^ the pull-backs of D and R over A(. ByO 
and 17. 8[ it is enough to prove that the ramification of V'/U[ along D'l is bounded by R'^ . Hence, 
we are reduced to the case where G is nilpotent and R has integral coefficients ([5] 3.15) (cf. I7.20p . 

Assume finally that G is nilpotent and that R has integral coefficients. Let A: G ^ G x G he 
the diagonal homomorphism, W the quotient of V x^ V^ by A(G) and £u: U ^^W the morphism 
induced by the diagonal morphism Sy '■ V ^^ V x^V . We denote by Z the integral closure of 
{X sjjfe A)(-'^) in W and hy e: X ^> Z the morphism induced by eu- Since (A ^^ A)(^) is smooth 
over A, it is regular (|4.6p . Then the proposition follows from 12.81 applied to the open subscheme 
U XkU oi {X ■^kXY^\ to the finite etale covering W oiU XkU and to the closed subscheme e(A) 
of Z. 

Remark 7.20. We keep the assumptions of 17. 191 and consider the following conditions 

(i') G has a normal p-Sylow subgroup. 

(i") G is nilpotent. 

Then we have (i")^>(i')^>(i). Indeed, the first implication follows from ([8] chap. I § 6.7 theo. 4) 
and the second is a consequence of (|H] chap. I § 6.6 cor. 3 of theo. 3). 

Definition 7.21. Let y be a Galois torsor over U of group G. We define the conductor of V/U 
relatively to X to be the minimum effective rational divisor i? on A with support in D such that 
for every generic point ^ of D, the ramification of V/U at ^ is bounded by R-\-. 

This terminology may be slightly misleading as the ramification of V/U along D may not be 
bounded by R+ in general. However, we have the following : 

Proposition 7.22. Let V he a Galois torsor over U of group G. Assume that the following strong 
form of resolution of singularities holds : 

(RS) For any U-admissible blow-up Y of X , there exists an snc-pair {Y' , E') over k, a morphism 
of pairs (Y',E') -^ (A, D) and a proper X -morphism Y' ^ Y inducing an isomorphism 
Y' -E' ^ U. 
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Then, there exists an snc-pair {X' , D') over k and a proper morphism of snc-pairs f : (X', D') —>■ 
{X, D) inducing an isomorphism X' — D' —y U such that if we denote by R' the conductor of V /U 
relatively to X' , the ramification of V /U along D' is bounded by R'+. 

By 12.221 there exists a [/-admissible blow-up Y ^ X such that if we denote by Y' the normal- 
ization of Y, V/U has the property (NpS) at every geometric point of Y'. By assumption (RS), 
there exists an snc-pair {X',D') over k, a morphism of pairs {X',D') -^ {X,D) and a proper 
X-morphism X' ^ Y inducing an isomorphism X' — D' ^ U. Then V/U has the property (NpS) 
at every geometric point of X' (I2.15p . Let R' the conductor of V/U relatively to X'. It follows 
from 17.151 that the ramification of V/U along D' is bounded by R'+. 

8. Ramification of £-adic sheaves 

8.1. In this section, we fix an snc-pair {X, D) over fc, and put U = X—D. We denote by j : U ^ X 
the canonical injection, by X >}:fe X the framed self-product of {X,D) and by S: X -^ X :^k X 
the framed diagonal map (|5.2ip . We will no longer consider the logarithmic structure of X ^k X; 
only the underlying scheme will be of interest for us. We consider X ^k X a.s an X-scheme by 
the second projection. For any effective rational divisor R on X with support in D, we denote by 
{X ^k XY^'^ the dilatation oi X ^k X along S of thickening R dOTj) . by 

(8.1.1) 5(«) : X ^ (X *fe X)(«) 
the canonical lifting of 6, and by 

(8.1.2) j(«):C/XfeC/^(XM.feX)(«) 

the canonical open immersion. Then we have the following Cartesian diagram. 

(8.1.3) U — ^-^^^UxkU 

j(H) 

x^^{x-^,x)(^) 

Proposition 8.2. Let ^ be a locally constant constructible sheaf of A-modules on U, R an effective 
rational divisor on X with support in D, x e X , x a geometric point of X above x, and J^{^) 
the sheaf on U Xk U defined in (j2.6.ip . Then the base change morphism 

(8.2.1) a: <5(«5*ji«'(J^(^)) ^ jJ^{J^i^)) = J,(<^nd(^)) 

relatively to the Cartesian diagram (|8.1.3p is injective. Furthermore, the following three conditions 
are equivalent : 
(i) The stalk 

(8.2.2) a^: {5^''^*jf\y^{.^))h ^ J,{<^nd{,^))h 

of the morphism a atxis an isomorphism. 

(ii) The image of the identity endomorphism of .^ in j^(^Snd{^)))x is contained in the image 
of a- ([8X2| . 

(iii) There exists a Galois torsor V over U trivializing ^ such that the ramification of V/U at 
X is bounded by R+. 

Assume moreover that there exists a Galois torsor Vq over U of group Go satisfying the following 
condition : 
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(^) There exists a A-module M equipped with a faithful representation p of Go and an isomor- 
phism of sheaves (with Galois descent data) ^\Vo ^ Mva, where Mva is the constant sheaf on Vq 
of value M equipped with the descent datum defined by p. 

Then conditions (i), (ii) and (iii) are equivalent to the following condition : 

(iv) The ramification ofVo/U at x is bounded by R+. 



It follows from 1 2. 251 that a is injective. For the second proposition, we may assume that X and 
hence U are connected; in particular, we may assume that there exists a Galois torsor Vq over U 
of group Go satisfying condition {^). We clearly have (i)^>(ii) and (iv)^>(iii). 

Let 1/ be a Galois torsor over U of group G trivializing ^ and let Y be the integral closure of X 
in V. We denote by A: G ^ G x G the diagonal homomorphism, by W the quotient of y x^ y by 
A(G), by Z (resp. E) the integral closure of {X *fe X)^^^ in W (resp. V XkV) and hy jw- W ^ Z 
the canonical injection (cf. 17. 2p . The diagonal morphism Sy '■ V —^ V x k V induces a morphism 
Su'- U ^ W above the diagonal morphism Sjj ■ U ^^U XkU . Let e: X ^r Z and a: y ^- S be the 
morphisms induced by eu and (5\/, respectively. Then the following diagram is commutative. 

(8.2.3) 




(X*feX)(«) 



Each canonical projection V x^V ^^V induces a morphism E ^ F for which cr is a section. Let 
y be a geometric point of Y above x^ ly cz G x G the inertia group of cr(y), and Jy c G the inertia 
group of y. Since cr is a closed immersion, we have Jy = A~^{Iy). Hence the following conditions 
are equivalent : 

(a) The ramification of V/U at x is bounded by R+. 

(b) Wehave/yC A(G). 

(c) We have Iy=A{Jy). 

Let Y' be the connected component of Y containing y and let V' = V n Y'. The stabilizer 
G' c G of V acts on N = T{V', ■^). We have % c G', and the morphism a-^ (|8.2.2p is canonically 
identified with the injective morphism 



.2.4) 



(End(iV))'^T ^ (End(7V))'^('^«' 



Hence, by the equivalence (a)<f»(c) above, we deduce the implication (iii)^>(i). 

It remains to prove that (ii)^>(iv). We keep the previous notation and assume moreover that 
Y = Yq and G = Gq. Consider the following commutative diagram with Cartesian squares. 

(8.2.5) 




5(fl) 



U XkU - — ^{X ^kX) 
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By ([I] 1.2.4(i)), the base change morphism a (|8.2.ip is composed of 

(8.2.6) ^(fl)*(^-(«)(,^(^)))) ^!l.£*(j-^^(^(^)|W^)) ^_^j^(^„d(^)) , 

where /3: jX '{J^{J^))\Z -^ jw *{'^ {■^)\W) and 7 are the base change morphisms relatively to 
the lower and the upper squares of (|8.2.5p respectively. 

If we equip End(Af ) with the canonical action oiGxG, we deduce from the isomorphism ^\V ~ 
My an isomorphism (of sheaves with Galois descent data) J^{^)\{V x^ V) ^ End{M) ly ^ ^^yy 
Since the action of G on M is faithful, A(G') is the stabilizer of id e End(M) in G x G. In particular, 
we may consider id as a section of r{Z,jw»{'^{'^)\W)). Since 7 is injective bv l2.25[ condition 
(ii) is equivalent to the following condition : 

(ii') The image of id in jw^{J^{-^)\W)^(^\ is contained in the image of /3^(xy 

The latter is equivalent to the fact that the ramification of V/U at x is bounded by R+ bv l2.26l 

Definition 8.3. Let ^ be a locally constant constructible sheaf of A-modules on U, R an effective 
rational divisor on X with support in D, x e X and x a geometric point of X above x. We say 
that the ramification of ^ atx is bounded by R+ if .^ satisfies the equivalent conditions of (|8.2p . 
and that the ramification of .^ along D is bounded by R+ if the ramification of ^ at x is bounded 
by R+ for every geometric point x of X . 

Proposition 8.4. Let ,^ be a locally constant constructible sheaf of free A-niodules of rank one 
on U and let R be an effective rational divisor on X with support in D. Then the ramification of 
JF along D is bounded by R+ if and only if j^, {Jff{J^)) is locally constant constructible over an 
open neighborhood of S^^\X) in (X :^k XY^\ 

We may assume that X and hence U are connected. Let y be a Galois torsor over U with abelian 
group G and let x : G —^ A^ be an injective homomorphism such that we have an isomorphism (of 
sheaves with Galois descent data) ^\V ~ A{x)y, where A{x)v is the constant sheaf on V of value 
A with the descent datum defined by x- We keep the same notation as in the proof of 18.21 Then 
W is an abelian Galois torsor over U XkU trivializing Jif{J^). Assume first that the ramification 
of JF along D is bounded by i?+; so tt: Z ^- {X ^k Ar)(^) is etale over an open neighborhood 
of s{X) in Z bv 18.21 It follows that tt is etale over an open neighborhood P of of S^-^'\X) in 
{X :^kXY^'\ Therefore, ^(^) extends to a locally constant constructible sheaf on P, and hence 
ji^'(jr(^)) is locally constant constructible over P {[6] IX 2.14.1). Conversely, if ji^'(Jf (^)) 
is locally constant constructible over an open neighborhood of 5^-^''{X) in {X ^k X^-^^ then the 
base change morphism 

(8.4.1) a: <5(^)*jf )(J^(,^)) ^ j*(<fnd(^)) = j,(A) = A 

is an isomorphism since its restriction to U is an isomorphism ([3] IX 2.14.1). 

Lemma 8.5. Let ^ be a locally constant constructible sheaf of A-modules on U , x a geometric 
point of X and R and R' be rational divisors on X with support in D such that R' ^ R. If the 
ramification of ^ atx (resp. along D) is bounded by R+, then it is also bounded by R'+. 

It follows from [73] and O 

Proposition 8.6. Let ^ be a locally constant constructible sheaf of A-modules on U , R an effective 
rational divisor on X with support in D, f: {X',D') — >■ {X,D) a morphism of snc-pairs over k, 
U' = f-^{U), ^' = ■^\U' , R! = f*{R), x' eX',x' a geometric pomt of X' above x' andx = f{x'). 
(i) If the ramification of ^ atx (resp. along D) is bounded by R-\-, then the ramification of ^' 
at x' (resp. along D' ) is bounded by R' -\-. 
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(ii) Assume that the morphism X' ^^ X is etale at x' and that the divisors D' and f*{D) are 
equal on an open neighborhood of x' in X' . Then the ramification of ,^ atx is bounded by R+ if 
and only if the ramification of ^' at x! is bounded by R'+. 

(iii) Assume that the morphism X' ^y X is etale and surjective and that D' = f*[D). Then 
the ramification of ^ along D is bounded by R+ if and only if the ramification of ,'^' along D' is 
bounded by R'+. 



(i) It follows fromlLIl^i) and [821 

(ii) By (i), it is enough to prove that if the ramification of JF' at x' is bounded by R'+, then 
the ramification of ^ at x is bounded by R+. Also by (i). we may assume that X' — >■ X is etale 
and that D' = f*{D). The morphism / induces morphisms (|5.32.ip 



.6.1) 



X' *fe X' — ^ X ^k X' — ^ X^kX 



from which we obtain the morphisms ()5.32.2p 



.6.2) 



(X'*feX')(^'' 



n 



(R') 



f(Ii) 



{X *fe X')(«') {X *fe X) 



(R) 



We put / = /2 o A and /(^) = f^"'> o f[^'\ Since X ^u X' ~ {X *fe X) xx X' , f^"^ is smooth 

by 15.291 On the other hand, /{ ' is etale bv l5.33r i). Therefore, /(^' is smooth. Consider the 
commutative diagram 



.6.3) 



X'^ 



■U' 




i'(R') 



{X> ^k X')^^') ^ U' XkU' 




(X*feX)(^) 



,-(«) 



■U xuU 



/,m 



X^ 







fu 



■U 



where the square (4) is the analogue of the square (5) for {X', D', R'). We denote by (6) the face 
given by the exterior square. Then all squares are cartesian except (T) and (3). Observe that 
M'{^)\{U' Xfe U') ~ je{.^') and Snd{.^)\U' ~ Snd{.^'). It follows from ([IJ 1.2.4(i)) that we 
have a commutative diagram 



(8.6.4) 



/*H 



^*^(fl)*^-(«)(^(^)) LAl^ /*J*<5&(^(^)) — r]^{Snd{.^)) 



5(R')*J{R)*jf\j^(^^)) 



rji5fj{jf{.^)) 



5(^')-j'f\.^{^'))^^^^j'Jt,{-^{^')) 



■-3'^{Snd{^')) 
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where a : 5^^'^*jl {Jf{^)) — >■ j*<5J(^(=^)), a', /3, 7 and 7' are the base change morphisms. Since 
/ and f^^> are smooth, j3 and 7 are isomorphisms. Hence, we can identify the stalks a-x and a'-, 
of a at X and a' at x' respectively, which implies the required assertion. 
(iii) It follows from (ii). 

Proposition 8.7. Let ^ be a locally constant constructihle sheaf of A-modules on U , R an effective 
rational divisor on X with support in D andx a geometric point of X . Then the following conditions 
are equivalent : 

(i) The ramification of .^ atx is bounded by R+ . 

(ii) There exists an etale neighborhood f: X' —>■ X of x such that if we put U' = f~^(U), 
D' = f*{D) and R' = f*{R), then the ramification of J^\U' along D' is bounded by R'+. 

(iii) Condition (ii) holds for f an open immersion. 

Indeed, (i)=>(iii) follows from 17.4 1 and 18.21 (iii)^>(ii) is obvious and (ii)=>(i) is a consequence of 



Proposition 8.8. Let ^ be a locally constant constructihle sheaf of A-modules on U, R an effective 
rational divisor on X with support in D, ^ a generic point of D, ^ a geometric point of X above 
S,, X,T^ the corresponding strictly local scheme, rj its generic point and r the multiplicity of R at ^. 
Then the following conditions are equivalent : 

(i) The ramification of J^ at S^ is bounded by R+. 

(ii) The ramification of .^\r] is bounded by r+ in the sense of {[2l\ 1.28). 

(iii) The sheaf ^\r] is trivialized by a finite etale connected covering rj' of rj such that the loga- 
rithmic ramification of rj' /rj is bounded by r-\- (|6.2p . 



Indeed, (ii)<f»(iii) is the definition and (i)^>(iii) follows from 17. 181 and [8?2l We prove (iii)^>(i). 
We may assume that ry' is Galois over 77. Bv l2.271 there exists an etale morphism f : X' ^ X, a, 
geometric point ^ of X' above ^ and a Galois torsor V' over U' = f~^{U) trivializing ^\U' such 
that if we identify the strictly local schemes X'-, and X,j-. by /. there exists an ry-isomorphism 

y Xj// ?7 ~ 77'. It follows from 17.181 and [8?2l that the ramification of ^|C/' at ^ is bounded by i?'+. 
Then the ramification of ^ at ^ is bounded by i?+ by[ 



Proposition 8.9. Let ^ be a locally constant constructible sheaf of A-modules on U and R an 
effective rational divisor on X with support in D. Assume that the following conditions are satis- 
fied : 

(i) For every geometric point x of X , if we denote by Xi^\ the corresponding strictly local scheme 
and put Ui = ^(j) Xx U, the sheaf ^\U\ is trivialized by a Galois torsor over Ui whose group has 
a normal p-Sylow subgroup. 

(ii) For every geometric point S, of X above a generic point of D, the ramification of ^ at ^ is 
bounded by i?+. 

Then the ramification of .^ along D is bounded by i?+. 

Let X be a geometric point of X and let Vi be a Galois torsor over Ui = X(^\ xx U trivializing 
J^\Ui whose group G has a normal p-Sylow subgroup. It is enough to prove that the ramification of 
=^ at S is bounded by i?+. Bv l2.27l and l8.6r iil. we may assume that there exists a Galois torsor over 
U of group G trivializing ^. Hence, there is a minimal Galois torsor V over U trivializing ^ whose 
group has a normal p-Sylow subgroup. Then it follows from 18.2 1 and 17.191 that the ramification of 
^ along D is bounded by i?+. 

Definition 8.10. Let ^ be a locally constant constructible sheaf of A-modules on U. 
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(i) Let ^ be a generic point of Z), ^ a geometric point of X above ^, X,t-^ the corresponding 
strictly local scheme and 77 the generic point of X,-t-^ . We define the conductor of ,^ at ^ to be the 
minimum of the set of rational numbers r ^ such that the ramification of ^\ri is bounded by 
r+ in the sense of ([H] 1.28), that is, ^jry is trivialized by a finite etale connected covering 77' of 
T] such that the logarithmic ramification of rj' /rj is bounded by r+ (|6.2p . 

(ii) We define the conductor of ^ relatively to X to be the effective rational divisor on X with 
support in D whose multiplicity at any generic point ^ of D is the conductor of JF at ^. Bv l8.81 it 
is also the minimum of the set of effective rational divisors R on X with support in D such that 
for every geometric point £, oi X above a generic point of D, the ramification oi ^ at ^ is bounded 
byi?+. 

The terminology in (ii) may be slightly misleading as the ramification of ^ along D may not 
be bounded by R+ in general. However, we have the following : 

Proposition 8.11. Let ^ he a locally constant constructible sheaf of K-modules on U. Assume 
that the strong form of resolution of singularities (RS) in \7.22\ holds. Then, there exists an snc-pair 
(X' , D') over k and a proper morphism of snc-pairs f : {X' , D') —>■ (X, D) inducing an isomorphism 
X' — D' ^ U such that if we denote by R' the conductor of ^ relatively to X' , the ramification of 
■^ along D' is hounded by R'+. 

This follows from 01 and [H21 

Lemma 8.12 ([21j 2.21). Let .^ he a locally constant constructible sheaf of K-modules on U . Then 
the following conditions are equivalent : 

(i) ,^ is tamely ramified along D . 

(ii) The conductor of ,^ vanishes. 

(iii) The ramification of ,'^ along D is hounded by 0+. 

8.13. Let R be an effective divisor on X with support in D. We know (|4.6p that (X :^k XY^-^ is 
smooth over X and that 

(8.13.1) £:(^) = {X ^k XY^^ XX R 

is canonically isomorphic to the vector bundle V(51^ ,j,(logZ?) (S)ffx ^x{R)) xx R over R (|5.31.4p . 
We denote by E'^-^-^ the dual vector bundle. 

Let Y be an X-scheme separated of finite type over X. We put V = Y Xx U, Ry = R Xx Y, 
^{R) ^ ^(R) x^ r and E^y'' = ^^^' xxY, and denote hy jy : V ^ Y and j^^ : U XkV ^ 
{X ^k XY^'' Xx Y the canonical injections. Consider the following commutative diagram with 
Cartesian squares. 

(8.13.2) 4«) {X *fc X)(«) XX Y ^^^— UxkV 

Ry ^ Y -^ V 

Let $^ be a sheaf of A- modules on U Xk V. We call the sheaf over Ey defined by 

(8.13.3) j.fl($^,r)=j|^'(^)|4«' 
the R- specialization of ^ and denote it by lyni^jY). 
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Let /: Z ^ Y he a separated morphism of finite type and W = f~^{V). We denote by 

(8.13.4) /(^): (X*feX)(^) xx^ ^ {X^kXy^'') xxY 

(8.13.5) /i''^4''' - 4^' 

tlie niorphisnis induced by /. Tlien we liave a base cliange morphism 

(8.13.6) /'^'*jfj(^) - J?j(^|(t/ xfe W)), 
from which we get the morphism 

(8.13.7) f^J'^^'iM^^Y)) ^ MmiU X, W),Z). 

Proposition 8.14. Let ^ be a locally constant constructible sheaf of A-niodules on U , R an 
effective divisor on X with support in D, f : Y ^>- X a separated morphism of finite type and 
V = f~^{U). Assume that the ramification of .^ along D is bounded by R+. Then with the 
notation of ()8.13p ; 

(i) The sheaves j\f;^{Au H i^\V)) and pr*(jy*(^|y)) are isomorphic over {X ^fe X)(^) Xx Y. 

(ii) There exists an etale morphism Zq —> (X ^k Xp^' whose image contains E^ \ such that 
the pull-backs over Zq Xx Y of the sheaves jyji-^ ^ ^v) O'^d fyJi-Ajj Kl [,'^\V)) are isomorphic. 

(iii) There exists a canonical surjective morphism 

(8.14.1) /If '*(t^H(^^(^), X)) ® lyRiAu M (^|1/), Y) ^ i,r{^ H Ay, Y). 

(iv) Assume moreover that Y is normal, that V is dense in Y and that ^\V is constant. Then 
Vfi{^ M Kv^Y) is locally constant and additive (|3.ip ; in particular, its Fourier dual support is the 
underlying space of a closed subscheme of Ey ' which is finite over Ry (|3.8[) . 

Note that statement (iv) will be extended and reinforced in 18.191 

(i) It follows from the smooth base change theorem as pr2 : {X -^k X^^'' -^ X is smooth, 
(ii) Let T^ be a Galois torsor over U of group G trivializing ^ such that the ramification of 
V /U is bounded by R-\- (|8.2p . We denote by A: G — > G x G the diagonal homomorphism, by 
W the quotient of t? Xfe y by A(G), by Z the integral closure of {X ^k X)^^'^ in W and by 
tt: Z -^ {X ^k X)^-^^ the canonical morphism. Let Zq be the maximal open subscheme of Z 
which is etale over (X ^k Xy^\ We know bv l7.12r i) that Zq Xx i? is a group scheme and that 
TT Xx R'- Zq X X R ^^ E'^^^ is a surjective etale morphism of group schemes over R. Let j' : W ^> Zq 
be the canonical injection ; so we have the following Cartesian diagram. 

(8.14.2) WxuV — — ^ZqXxY 



U XkV^^^{X:^kX)(") XxY 



(R)/ 



By the smooth base change theorem, the pull-back over Zq x x Y oi the sheaves jyJ^^MAv) and 
j^J{Au K {■^\V)) are isomorphic to j{^^{{^ ^ Au)\{W xu V)) and j{^^{{Au M ^)\{W xu V)) 
respectively. On the other hand, we have an isomorphism (A^ Kl (^|y)) ^ ((^|y) Kl A^). We 
deduce by Galois descent an isomorphism 

(8.14.3) s: {Au^^)\W ^{^^Au)\W, 
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and hence an isomorphism 

(8.14.4) JyJ(Af/ M^)\{WxuV))^ fy^{{^ MKu)\{Wxu V)). 

Note that the isomorphism s can also be obtained by Galois descent from the universal isomorphism 
of G-torsors over W ^^ 



(8.14.5) ([/ Xfe V) xux.u W^iVxk U) xuy,,u W. 
(iii) We have a morphism on {X -^^ X^^^ XxY 

(8.14.6) jfj(.-^(^)|(f/ x,T/))®j|^)(At/H(^|y)) ^j|^)(^SAy) 
deduced by adjunction from the natural morphism oiiU x^V 

(8.14.7) {.y<f{.^)\{U xuV))® {Ku K {■^\v)) -^,^m Ay. 
We get from (|8.14.6p by pull-back to Ey a morphism 

(8.14.8) iyR(Jfi'^)\(U XkV),Y) 0i^r(Au M {.^\V),Y) ^ lyni.^ M Av,Y). 
On the other hand, we have a canonical morphism (|8.13.7p 

(8.14.9) /i«'*(^.fl(^(^),X)) ^ iyn{,yfi,^)\{U X, V),Y). 

We take for (|8.14.ip the morphism induced by (|8.14.8p and (|8.14.9p . We will prove that it is 
surjective. By the smooth base change theorem, the pull-back of the morphism (|8.14.6p over 
Zo Xx ^ is the morphism 

(8.14.10) j{.^{J^{^)\{W xu V)) ®j^,{{Au M^)\{WxuV))^ j^,{{^ mAu)\{Wxu V)) 

obtained by adjunction from the pull-back of the morphism (|8.14.7p over W xjj V. We also have 
a canonical isomorphism 

(8.14.11) T{Zo,ji''\j^{^)))=^r{W,J^\W). 

So we may consider the isomorphism s (|8.14.3p as a section in r(Zo, j^ ' {,^{,!^))). It is clear that 
the pairing (|8.14.10p evaluated at the image of /(^)*(s) in r{Zo Xx >", Jf*(^(^)|(W^ X[/ V))) 
induces the isomorphism (|8.14.4p . Since E^^") a 7r(Zo), we conclude that (|8.14.ip is surjective. 

(iv) Since JF*(=^|y) is constant ([5] IX 2.14.1), the pull-back of i/fl(^Kl Ay,!") over Zq xxRy 
is constant by (i) and (ii). Hence i'r{,^ K1 Av,Y) is locally constant. For every geometric point 
X of R, if we denote by Gx the neutral connected component of Zq Xx x, then the morphism 
Gx -^ i% induced by tt, is a finite etale surjective morphism of group schemes over x bv l7.12r ii). 
Therefore, i'r{J^ H Ay, Y) is additive bv 13.121 The last assertion follows from 13.141 

Corollary 8.15 f |21j 2.25). Let ^ he a locally constant constructible sheaf of A-modules on U 
and let R be an effective divisor on X with support in D such that the ramification of ^ along D 
is bounded by R+. Then i>ii{J^{^), X) is additive. 

Let F be a finite Galois torsor over U trivializing J^ such that the ramification of V/U along 
D is bounded by R+ (|8.2p . We denote by Y the integral closure of X in y and hy f : Y ^^ X 
the canonical morphism. In the following we take again the notation of 18.141 and its proof (with 
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V = V). Consider the following commutative diagram with Cartesian squares. 
(8.15.1) W ^Zo 



u ^x 

By 12.241 the isomorphism s (|8.14.3p induces isomorphisms 

(8.15.2) Jf{^)\W ^ ^nd{{Au K ^)\W) ^ {<gnd{^))\W. 

Since it and pr2 are smooth, by the smooth base change theorem relatively to (|8.15.ip , we get an 
isomorphism 

(8.15.3) ^*(i^)(^(^))) ^ 7r*(pr|(j,(^nd(^)))). 

It follows that vx{^{-^), X) is locally constant on the geometric fibers of E'^^'i -^ R. Since n{Zo) 
contains E^^\ we conclude that i/fi(J^(,^),X) is locally constant on all geometric fibers of the 
vector bundle E^^'^ -^ R. 

On the other hand, the open immersion jy is schematically dense. Hence the morphism 
(|8.14.9p is injective bv 12.251 We fix a surjective morphism A" -^ -^IV, from which we deduce an 
injective morphism J^{^)\{U x^ V^) ^ ^ Kl Ay (|2.24p . The latter induces an injective morphism 

(8.15.4) iyR{.^{,^)\{U XkV),Y) ^ m{,^ m A'i.,Y). 
Composing with (|8.14.9p . we obtain an injective morphism 

(8.15.5) fi''^*i,.Ri,^{,^),X))^iyn{,^^A^,Y). 

Then f^f^*{i^R{jr{^),X)) is additive bv lSHI Since / is surjective, i^r{J^{^),X) is additive. 

Corollary 8.16. Let ^ he a locally constant constructihle sheaf of A-modules on U , R an effective 
divisor on X with support in D, f: Y —> X a separated morphism of finite type and V = f^^iU). 
Assume that the ramification of ^ along D is bounded by R+. Then vr^^MAv, Y) is additive, and 
its Fourier dual support is contained in the inverse image by the canonical projection Ey ~* E^^> 
of the Fourier dual support of ^^{J^^.^), X). 



It follows from 18.14^ 1) that ur(Au K1 {^\V),Y) is constant on the fibers of the vector bundle 
Ey -^ Ry- Hence bv I8.14( ii). vr{^ H Ay,F) is locally constant on the geometric fibers of 



E)y-' -^ Ry. Then the proposition follows from [SHI ElUui) and EH 



^Y 

Corollary 8.17. We keep the assumptions of (j8.16p and assume moreover that Y is normal, that 
V is dense in Y and that ^\V is constant. Then the Fourier dual support of vr^J^ K1 Ay ,Y) 
is the inverse image by the canonical projection Ey ' —> E^^> of the Fourier dual support of 

UR{jf{^),X). 

Bv l8.161 it is enough to prove that the inverse image of the Fourier dual support oii'R{Jif{^), X) 
by the canonical projection Ey ' -^ _E(^) is contained in the Fourier dual support of i'r{,^^Av,Y). 
This follows from the second part of the proof of l8.15l Indeed, since the sheaves i'r{J^{J^), X) and 
vr{^ KI Ay, Y) are additive bv l8.15l and l8.14r iv). the required assertion follows from the injective 
morphism (|8.15.5I1 bv lXTT] 
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Corollary 8.18. Let ^ he a locally constant constructible sheaf of A-modules on U and let R be 
an effective divisor on X with support in D such that the ramification of .^ along D is bounded by 
R+. Then the Fourier dual support o/^'ij(^(^), X) is the underlying space of a closed subscheme 
of E^^> which is finite over R. 

Let T^ be a Galois torsor over U trivializing J? and Y the integral closure of X in y. It follows 
from 18.1 71 that the Fourier dual support of vii{'^{^), X) is the image by the canonical projection 
Ey -^ E^-^") of the Fourier dual support of vr{^ KI Kv^Y). Hence, the assertion follows from 

HHiv). 

Proposition 8.19. Let ^ be a locally constant constructible sheaf of A-modules on U, R an 
effective divisor on X with support in D, f : Y —>■ X a separated morphism of finite type and 
V = f~^{U). Assume that the ramification of ^ along D is bounded by R+. Then : 

(i) VR(yJ^(y^)^X) is additive and its Fourier dual support is the underlying space of a closed 
subscheme of ]i!^^> which is finite over R. 

(ii) j^_r(J? Kl Ay, y) is additive, and its Fourier dual support is contained in the inverse image 
by the canonical projection Lt^y ~* E^ ' of the Fourier dual support of vr{,j^{,'^), X). 

(iii) Assume moreover that Y is normal, that V is dense in Y and that ^\V is constant. Then 
Vr{^ K1 Ay,y) is locally constant and additive, and its Fourier dual support is the inverse image 
by the canonical projection _Ey ' -^ li]^^> of the Fourier dual support of iy'ji{Jif(,^), X). 

This is a summary of results proved in l8J4l KTE\ [8161 ISTfl and KTEi 

8.20. Let /: {X',D') —> {X,D) be a log-smooth morphism of snc-pairs over k, R an effective 
divisor on X with support in D, Ui = X' - D', U' = f~^(U) and R' = f*(R). The morphism / 
induces morphisms (|5.32.ip 

(8.20.1) X' *fe X' — ^ X Ji^fc X' — ^ X *fe X , 
from which we obtain the morphisms (I5.32.2p 

(8.20.2) (X' *fc X')i^') — {X *fe X')(^') — {X *, X)(«) . 
We put 

(8.20.3) £:(^) = (X *fe X)(^' XX i?, 

(8.20.4) ^'(^') = {X' *fe X'Y^'^ XX' R'. 

We denote by ii^(^' and £^'(^ ) the dual vector bundles. For a sheaf of A-modules ^ (resp. ^') 
on U XkU (resp. [/' x^ U'), we denote by ^'ij(^,X) (resp. j/^,(^',X')) its i?-specialization (resp. 
i?'-specialization) in the sense of (|8.13.3p relatively to the snc-pair {X,D) (resp. {X',D')). 
The morphism / induces an exact sequence 

(8.20.5) ^ r{n],/,{logD)) -. n],,/,{logD') -. l^Jx',D')/(x,z.) - «, 
which is locally split. Hence, we have a surjective morphism of vector bundles over R' 

(8.20.6) (t>: E"''^'^ ^Ef). 

We denote by ^: Ev' ~* E'^^ > the dual morphism of cj), which is a closed immersion. 
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Proposition 8.21. We keep the notation of (|8.20p and let ^ he a locally constant constructible 
sheaf of A-modules on U , J^\ = ^\Ui and ^' = ^\U' . Assume that the ramification of ^ along 
D is bounded by R+ and that f is log-smooth. Then the Fourier dual support ofh''j^,(.Jif(.^i),X') is 
the image by (p of the inverse image of the Fourier dual support of h'ii(Jf(^), X) by the canonical 
projection Ej^, —> E^^> . 

Let V be a Galois torsor over U' trivializing ^', Vi =V' xjji Ui and Y' the integral closure of 
X' in v. We denote by v^i^ K Ay-, F') the i?-specialization of ^ S Ay over E^^ in the sense 
of (|8.13.3p . It is an additive sheaf bv l8.14r iv). and its Fourier dual support is the inverse image 
of the Fourier dual support of iyii{Jif{^),X) by the canonical projection Ey, -^ E'^^^ (|8.17p . 
On the other hand, the ramification of ,^i along D' is bounded by R'-\- bv l8.6r i). We denote by 

v'fii{^i S Avi , Y') the i?'-speciahzation of ^i M Ay^ over E'^f ' in the sense of (|8.13.3p relatively 
to the snc-pairs {X' , D'). It is an additive sheaf and its Fourier dual support is the inverse image 

of the Fourier dual support of v'^,{Jf{j^i),X') by the canonical projection Eyi ~^ E"^^'\ Since 
the canonical morphism Y' -^ X' is surjective, it is enough to prove that the Fourier dual support 
of i^^,(=^i ^Avi,Y') is the image by (py of the Fourier dual support of i^r{^ S Ay/,y). 

On the one hand, /-[ ' is smooth bv l5.33f iil. On the other hand, since the canonical morphism 
X ^k X' ^ {X ^k X) xx X' is an isomorphism (|5.21.3p . the morphism 

(8.21.1) {X ^k X')('''^ ^ {X ^k X)('''^ XX X' 

induced by /2 is an isomorphism by 15.291 We denote by C/' ^^ U' the framed self-product of 
(U',D'\U'); so U' *fe U' = {X' :^k X') X(^x'XkX') (U' Xk U'). We have a commutative diagram 



:'(R') 



.21.2) 



e: 



''(«') 




{X' ^k X'Y"^'^ XX' Y' ^ {V t^k U') xu, V ^^^— C/i Xfe F] 



E, 



(R) 



{X *fe X')(«') XX' Y' - 



U XkV 



with Cartesian squares, where u, jy, and jy, are the canonical injections. 

Since U' ^k U' is smooth over U', {If ^k U') xjj' V is normal and u is dominant. Therefore, 
the adjunction morphism 



.21.3) 



(^ H AyO|((C^' *fc U') Xij, V') -^ U*(^l H AyJ 



is an isomorphism by (^ IX 2.14.1). Then by the smooth base change theorem relatively to the 
Cartesian right square in (|8.21.2p . we have an isomorphism 

(8.21.4) </.^(z.fl-(^SAy-,y'))^^K'(^l^Ay,,y')- 

Since (^ is a closed immersion, the required assertion follows from (|8.21.4p and p.4.6p . 

Definition 8.22. Let ^ be a locally constant constructible sheaf of A-modules on U . 

(i) Let ^ be a generic point of Z), Xi^\ the henselization of X at ^, rj^ the generic point of Xi^\, 
rjt a geometric generic point of Xj^) and ^^ the Galois group of ry^ over 775. We say that ^ is 
isoclinic at £_ if the representation J^jj of ^j is isoclinic ()6.5p . 

(ii) We say that .^ is isoclinic along D if it is isoclinic at all generic points of D. 
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Definition 8.23. Let ^ be a locally constant constructible sheaf of A-modules on U which is 
isoclinic along D and let R be the conductor of ^ relatively to X (|8.10p . We say that ^ is clean 
along D if the following conditions are satisfied : 

(i) the ramification of ^ along D is bounded by i?+; 

(ii) there exists a log-smooth morphism of snc-pairs / : (X', D') -^ {X, D) over k such that the 
morphism X' ^r X \& faithfully fiat, that R' = f*{R) has integral coefficients, and if we 
put U' = X' - D' and .^' = ^\U', that the i?'-specialization v'j^,{,3^{.^'),X') of ,3^{^') 
in the sense of (|8. 13.31) relatively to {X',D'), is additive and non-degenerate p.8p . 

Note that condition (i) implies that the ramification of ^' along D' is bounded by R'+ bv lS.Gf i). 
Therefore, i''j^,{J^{^'),X') is additive bv l8.15l and its Fourier dual support is the underlying space 
of a closed subscheme S' of E''-^"> = {X' *fc X'Y^"1 xx' R', which is finite over R' bv lSJSl Hence, 
the condition (ii) is equivalent to the fact that S' does not meet the zero-section of E'^^ ) . 

Proposition 8.24. Let ^ be a locally constant constructible sheaf of A-niodules on U , R the 
conductor of ^ relatively to X, f: (X^,Z?^) -^ {X,D) a log-smooth morphism of snc-pairs over 
k, U^ = X"^ — D\ ^^ = ^\U'^ and R^ = f*{R). Assume that JF is isoclinic and clean along D 
and that R^ has integral coefficients. Then the R''' -specialization v^„^[^{,!^'^),X'^) of ,^{,'^'^) in 
the sense of (|8.13.3p relatively to {X\D^), is additive and non-degenerate. 

By 15.191 there exists a commutative diagram of log-smooth morphisms of snc-pairs over k 
(8.24.1) (Xt, L>t) — ^ (X', D') 



{X\Dr)^^{X,D) 

such that X' ^ X and X* -^ Xt are faithfully fiat and if we put U' = X' - D', ^' = ^\U' 
and R' = g*{R), that the i?'-specialization iy'j^,{J^{^'),X') of J^{^') in the sense of (|8.13.3p 
relatively to {X',D'), is additive and non-degenerate. We put U^ = X^ — D^, JF^ = J^\U^ and 
Rt = f'*{R'), and denote by i/^,(jr(^*),X*) the i?*-specialization of Jf{^i) in the sense of 
(|8.13.3p relatively to {Xi,Di). We put 

(8.24.2) E"-^"^ = (X'^kX'Y^'^ xx'R', 

(8.24.3) i?t(«^) = (Xt*feXt)(^') x;fti^^ 

(8.24.4) £:*(^*) = (X*^feX*)(^*) xxti?*, 

and denote by £;'(«'), £;t(flt) and £;t(^*) the dual vector bundles. Let S' (resp. S\ resp. S^) be 
the Fourier dual support of i/^,(^(^'),X') (resp. iy|j,(^(jrt),Xt), resp. Jj^^{^{,^i),Xi)) in 
^i(R) (resp. E^^^ \ resp. IS'^^^ )). The morphisms /' and g"^ induce, as in ()8.20.6p . surjective 
morphisms of vector bundles 

(8.24.5) (/.:£««*) ^ E'^f\ 

(8.24.6) ^-.Ei^^*^ ^ E'^^fy 
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Consider the diagram 

(8.24.7) 4f ) -^ Ei(n*) -^ ^f ^ 



where tt' and tt''' are the canonical projections, and and ip are the inorphisms dual to (f) and -0 
respectively. Note that (p and ■0 are closed immersions. Then by 18.211 we have 

(8.24.8) ^Tr'-\S')) = S^ = iP{tt^-\S^)). 

By assumption S' does not meet the zero-section of _E'(^). Hence, 7r"'"~^(S'"'") does not meet the 

zero-section of i?!.j ' . Since X^^ -^ X^ is surjective, we deduce that S^ does not meet the zero 

section of E'^'^^ \ which implies the required assertion. 

Definition 8.25. Let ^ be a locally constant constructible sheaf of A-modules on U and x a 
geometric point of X. We say that ^ is clean at x if there exists an etale neighborhood X' of x 
in X such that, if we put U' = U Xx X' and denote by D' the pull-back of D over X, there exists 
a finite decomposition 

(8.25.1) .^\U' = ®i^,^n.^l 

oi ^\U' into a direct sum of locally constant constructible sheaves of A-modules ^/ (1 ^ i ^ n) 
on U' which are isoclinic and clean along D' in the sense of (|8.23p . We say that ^ is clean along 
D if it is clean at all geometric points of X . 

We will prove in 18.271 that for isoclinic sheaves, definitions 18.231 and 18.251 are equivalent. 

Lemma 8.26. Let ^ he a locally constant constructible sheaf of A-modules on U , R the conductor 
of ^ relatively to X andx a geometric point of X . If ^ is clean atx, then the ramification of ^ 
at x is hounded hy R+. In particular, if ^ is clean along D then the ramification of ^ along D 
is bounded by R+. 

By assumption, there exists an etale neighborhood X' of x in AT such that, if we put U' = UxxX' 
and denote by D' the pull-back oi D over X, there exists a finite decomposition ^\U' = ®i<;i^nJ?/ 
of JF\U' into a direct sum of locally constant constructible sheaves of A-modules ^/ (1 ^ i ^ n) 
on U' which are isoclinic and clean along D'. For each 1 ^ i ^ n, let i?' be the conductor of 
^/ relatively to X'. The conductor f*{R) of ^\U' relatively to X' is the maximum of the R[ 
(1 ^ i ^ n). Therefore, the ramification oi .^\U' along D' is bounded by /*(i?). Then bv 18.6( 11). 
the ramification of ^ at x is bounded by R+. 

Proposition 8.27. Let ^ he a locally constant constructible sheaf of A-modules on U which is 
isoclinic along D. Then ,'P is clean along D in the sense of ()8.23p if and only if it is clean along 
D in the sense of (|8.25p . 

We only need to prove that if ^ is clean along D in the sense of (|8.25p . then it is clean along 
D in the sense of (|8.23l) . Let R be the conductor of ^ relatively to X. We know bv 18.261 that 
the ramification of ^ along D is bounded by R-{-. For every geometric point x of X, there exists 
an etale neighborhood X' of x in X such that, if we put U' = U Xx X' and denote by D' the 
pull-back of D over X, there exists a finite decomposition 

(8.27.1) ^\U' = ®i^.=g„^/ 
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of ^|t/' into a direct sum of locally constant constructible sheaves of A-modules ^[ (1 ^ i ^n) 
on [/' which are isoclinic and clean along D' in the sense of (|8.23p . Since ^ is isoclinic along I?, 
^\{J' is isoclinic along D' . Hence, for each \ -^i ^n^ the conductor of ^[ is equal to the pull-back 
i?' of R over X' . Then it follows from 18^ that ^ is clean in the sense of ([8^ . 



[9; 

[lo; 
[11 

[12: 

[13 

[14 

[15; 

[16: 
[17 

[is: 

[19 

[20 
[21 

[22 
[23 

[24 



References 

A. Abbes, Elements de geometrie rigide. Volume I, Construction et etude geometrique des espaces rigides. 

Progress in Mathematics, Vol. 286, Birkhauser, 2011. 

A. Abbes and T. Saito, Ramification of local fields with imperfect residue fields, Amer. J. of Math. 124 

(2002), 879-920. 

A. Abbes and T. Saito, Ram,ification of local fields with im,perfect residue fields II, Kazuya Kato's fiftieth 

birthday. Doc. Math.(2003), Extra Vol., 5-72. 

A. Abbes and T. Saito, The characteristic class and ramification of an £-adic Stale sheaf. Invent. Math. 168 

(2007), 567-612. 

A. Abbes and T. Saito, Analyse micro-locale l-adique en caracteristique p > 0. Le cas d'un trait, Publ. Res. 

Inst. Math. Sci. 45 (2009), 25-74. 

M. Artin, a. Grothendieck and J. L. Verdier, Theorie des topos et cohomologie etale des schemas, SGA 

4, Lecture Notes in Mathematics, Tome 1 : 269 (1972); Tome 2 : 270 (1972); Tome 3 : 305, Springer- Verlag, 
1973. 

5. Bosch, W. Lutkebohmert and M. Raynaud, Neron models, Ergeb. Math. Grenzgeb. (3) 21, Springer- 
Verlag, Berhn, 1990. 

N. BouRBAKi, Elements de mathematique, Algebre, Chapitres 1 a 3, (French) Hermann, Paris, 1970. 
M. Demazure and a. Grothendieck, Schemas en groupes, SGA3, Lecture Notes in Mathematics, Tome 1 : 
151, Tome 2 : 152, Tome 3 : 153, Springer- Verlag, 1970. 

A. Grothendieck, Revetements etales et groupe fondamental, SGA 1, Lecture Notes in Mathematics 224, 
Springer- Verlag, 1971. 

A. Grothendieck, Cohomologie locale des faisceaux coherents et theoremes de Lefschetz locaux et globaux 
(SGA 2), Lecture Notes in Mathematics, Advanced Studies in Pure Mathematics, Vol. 2, North-Holland Pub- 
lishing Co., Amsterdam; Masson & Cie, Editeur, Paris, 1968. 

A. Grothendieck and J. A. Dieudonne, Elements de geometrie algebrique, IV, Etude locale des schemas et 
des morphismes de schemas, Inst. Hautes Etudes Sci. Publ. Math. 20 (1964), 24 (1965), 28 (1966), 32 (1967). 
K. Kato, Swan conductors for characters of degree one in the imperfect residue field case, dans Algebraic 
ii'-theory and algebraic number theory, Contemp. Math. 83, Amer. Math. Soc. (1989), 101—131. 
K. Kato, Logarithmic structures of Fontaine- Illusie, Algebraic analysis, geometry, and number theory, (Bal- 
timore, MD, 1988), 191-224, Johns Hopkins Univ. Press, Baltimore, MD, 1989. 

K. Kato, Class field theory, Sl-modules and ramification of higher dimensional schemes, Part I, Amer. J. 
Math. 116 (1994), 757-784. 

K. Kato and T. Saito, On the conductor formula of Bloch, Publ. Math. Inst. Hautes Etudes Sci. 100 (2004), 
5-151. 

N. Katz, Gauss sums, Kloosterman sums, and monodromy groups, Ann. of Math. Stud. 116, Princeton 
University Press, Princeton, NJ, 1988. 

M. Raynaud and L. Gruson, Criteres de platitude et de projectivite. Premiere partie : Platitude en geometrie 
algebrique. Invent. Math. 13 (1971), 1-89. 

G. Laumon, Transformation de Fourier, constantes d'equations fonctionnelles et conjecture de Weil, Publ. 
Math. Inst. Hautes Etudes Sci. 65 (1987), 131-210. 

M. Nagata, On the theory of henselian rings, Nagoya Math. J. 5 (1953), 45-57. 

T. Saito, Wild ramification and the characteristic cycle of an (.-adic sheaf, J. Inst. Math. Jussieu 8 (2009), 
769-829. 

T. Saito, Ramification of local fields with imperfect residue fields III, preprint (2010). 
J. -P. Serre, Groupes finis, Cours a I'Ecole Normale Superieure de Jeunes Filles, 1978/1979. 
O. Zariski and P. Samuel, Commutative algebra. Vol. II, Reprint of the 1960 edition. Graduate Texts in 
Mathematics, Vol. 29, Springer- Verlag, New York-Heidelberg, 1975. 



RAMIFICATION AND CLEANLINESS 67 

A. A. CNRS & Institut des Hautes Etudes Scientifiques, 35 route de Chartres, 91440 Bures-sur- 
YvETTE, France 

E-mail address: abbesOihes.fr 

T.S. Department of Mathematical Sciences, University of Tokyo, Tokyo 153-8914, Japan 
E-mail address: t-saitoOms.u-tokyo. ac.jp 



